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ABSTRACT
As indicators of social welfare, the incidence of inequality and poverty is of ongoing concern
to policy makers and researchers alike. Of particular interest are the changes in inequality and
poverty over time, which are typically assessed through the estimation of income
distributions. From this, income inequality and poverty measures, along with their differences
and standard errors, can be derived and compared. With panel data becoming more frequently
used to make such comparisons, traditional methods which treat income distributions from
different years independently and estimate them on a univariate basis, fail to capture the
dependence inherent in a sample taken from a panel study. Consequently, parameter
estimates are likely to be less efficient, and the standard errors for between-year differences
in various inequality and poverty measures will be incorrect. This paper addresses the issue
of sample dependence by suggesting a number of bivariate distributions, with Singh-Maddala
or Dagum marginals, for a partially dependent sample of household income for two years.
Specifically, the distributions considered are the bivariate Singh-Maddala distribution,
proposed by Takahasi (1965), and bivariate distributions belonging to the copula class of
multivariate distributions, which are an increasingly popular approach to modelling joint
distributions. Each bivariate income distribution is estimated via full information maximum
likelihood using data from the Household, Income and Labour Dynamics in Australia
(HILDA) Survey for 2001 and 2005. Parameter estimates for each bivariate income
distribution are used to obtain values for mean income and modal income, the Gini inequality
coefficient and the headcount ratio poverty measure, along with their differences, enabling
the assessment of changes in such measures over time. In addition, the standard errors of each
summary measure and their differences, which are of particular interest in this analysis, are
calculated using the delta method.
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1. INTRODUCTION
The incidence of inequality and poverty is of ongoing concern not only in developing regions
but also amongst some of the world’s economic leaders. As indicators of social welfare,
much of the literature has been drawn towards the accurate specification and estimation of
various inequality and poverty measures. In particular, policy makers and researchers alike
are often interested in assessing the changes in inequality and poverty over time. That is, one
would ideally expect to observe a reduction in inequality and poverty from one year to
another in order to determine whether policies implemented for that purpose have been
effective. Such assessments are typically performed through the estimation of income
distributions, from which income inequality and poverty measures, along with their
differences and standard errors, can be derived and compared.

Traditionally, comparisons of inequality and poverty over time have been made with income
distributions for different years being treated as independent. Various univariate functional
forms have been suggested in the literature and income distributions have been estimated
accordingly using conventional inference techniques. Initially, the gamma, lognormal and
Pareto distributions were commonly used, with the gamma distribution generally found to fit
better than the lognormal distribution (Salem and Mount, 1974; McDonald and Ransom,
1979; McDonald, 1984). Other two-parameter distributions that have been considered include
the beta, Fisk and Weibull distributions. In addition, a number of three-parameter
distributions have been proposed in the literature, including the Singh-Maddala distribution,
which contains the Pareto, Fisk and Weibull distributions as special cases, and the Dagum
distribution, which, although not as widely applied as the Singh-Maddala distribution, has
shown to provide a better fit (Kleiber, 1996; Kleiber and Kotz, 2003).

A major issue in taking the univariate approach, however, is that panel data are becoming
more frequently used to make comparisons of inequality and poverty over time.
Consequently, as some members of the panel will be common between years, recorded
incomes are likely to be correlated, resulting in a dependent sample. Therefore, treating one
income distribution for any given year independently of another does not take into account
that those who earned a high income in one year are also likely to earn a high income in a
subsequent year and vice versa. This is of concern particularly in regions which exhibit low
income mobility, as it coincides with a high degree of correlation.
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There are two main consequences of estimating separate univariate distributions for different
years of a panel. The first is that the parameter estimates are likely to be less efficient than a
bivariate or multivariate approach that recognises correlation in incomes from year to year.
The second is that the standard errors for between-year differences in various inequality and
poverty measures will be incorrect. This is due to the estimated differences being functions of
the parameter estimates from both marginal distributions. These parameter estimates will be
correlated, and separate estimation does not provide a covariance term for computing the
standard error of the difference. These features provide motivation for the use of multivariate
techniques for the distribution of income when using panel data, in order to account for
possible correlation between years.

The presence of dependence in a sample of income taken from a panel study has been left
largely unaddressed in the literature. In a paper by Kmietowicz (1984), a bivariate lognormal
distribution is suggested for the joint distribution of household size and income, rather than
income over time, which is then used to derive estimates of the Gini inequality measure.
Sarabia et al. (2005) adapt this model by deriving extensions of the bivariate lognormal
distribution and applying each to data from the European Community Household Panel. In
both papers, the proposed models have marginal income distributions which follow the
univariate lognormal distribution. However, it has been historically found at the univariate
case that although the lognormal distribution performs well at lower income levels, it fits
poorly at higher income levels (Singh and Maddala, 1976). In addition, the Singh-Maddala
and Dagum distributions have been subsequently shown to provide a better fit than the
lognormal distribution (Singh and Maddala, 1976; McDonald and Ransom, 1979; McDonald,
1984). Therefore, a multivariate distribution which has either Singh-Maddala or Dagum
marginals would be better suited to approximating the joint distribution of income rather than
one with lognormal marginal distributions.

Other studies which have recognised the issue of dependent samples often ignore the problem
by selecting a subsample of the data to create either an independent sample or a completely
dependent sample, with both Kmietowicz (1984) and Sarabia et al. (2005) guilty of the latter.
This is of concern as the disregard of large proportions of available data creates the potential
for the marginal distributions of income to be estimated inaccurately. Intuitively, a solution
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would be the use of a partially dependent sample, which contains both the dependent
observations within a panel as well as the independent observations.

This paper seeks to address the issue of sample dependence by applying various bivariate
distributions, with Singh-Maddala or Dagum marginals, to a partially dependent sample of
household income for two (non-consecutive) years, with a view to assessing the changes in
inequality and poverty over that period. For ease of analysis only the bivariate case is being
considered in this paper. One of the distributions suggested is the bivariate Singh-Maddala
distribution proposed by Takahasi (1965). The appeal of this distribution is that both the
marginal and conditional distributions follow a univariate Singh-Maddala specification
(Kleiber and Kotz, 2003). Other bivariate distributions being considered belong to the copula
class of multivariate distributions. Using copulas to model multivariate distributions is
extremely popular in the finance and actuarial context, particularly for capturing dependence
amongst stocks. This approach is appealing as copulas are easily estimated using maximum
likelihood techniques, and there are many alternatives available in the literature which
capture a wide range of dependence structures beyond simple correlation. In addition, copulas
are flexible in that they can be applied to any specification of the marginal distribution,
including allowing for the marginal distributions to have different specifications. This
provides an attractive method for capturing the dependence structure contained in the joint
distribution of income under partially dependent samples.

Each of the above bivariate income distributions is estimated via full information maximum
likelihood using income data from the Household, Income and Labour Dynamics in Australia
(HILDA) Survey for 2001 and 2005. Once the parameters for each bivariate income
distribution have been estimated, values for various measures of inequality and poverty are
obtained for each marginal distribution along with their differences, enabling the assessment
of changes in such measures over time. More specifically, the summary measures to be
considered in this paper include mean income and modal income, the Gini inequality
coefficient and the headcount ratio poverty measure. In addition, the standard errors of each
of the differences, which are of particular interest in this analysis, are calculated using the
delta method. For comparative purposes, estimates of each measure will also be obtained for
the Singh-Maddala and Dagum marginal distributions which are estimated as univariate
distributions under independence.
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The remainder of this paper is organised as follows. Section 2 discusses and defines the
concept of a partially dependent sample. Specifications for each of the bivariate distributions
proposed for the joint distribution of income, along with the inequality and poverty measures
considered in this analysis are provided in Section 3. Section 4 defines a likelihood function
for partially dependent samples with particular emphasis on the likelihood function for a
copula. Section 5 summarises the characteristics of the HILDA panel data used in the
analysis. Empirical results of the analysis as applied to the data, including parameter
estimates, tests for independence, and estimates for the inequality and poverty measures are
presented and discussed in Section 6; conclusions appear in Section 7.

2. PARTIALLY DEPENDENT SAMPLES
Given the nature of panel studies, it is difficult to maintain a completely dependent sample
over an extensive period of time, as members will typically enter and exit the panel from year
to year. Therefore, if a sample of income is taken from any two years of a panel, there will be
members of the panel common to both years as well as members who have only participated
in one year. This feature makes it impossible to obtain a completely dependent sample
without discarding valuable data, inhibiting the accurate approximation of the marginal
income distributions for each year. In order to include all of the available data when
estimating dependent income distributions, a partially dependent sample should be used,
where those members of the panel which remain in both years are paired and treated as
dependent, but those members who have only recorded data in one year are retained in the
sample and treated as independent. The concept of a partially dependent sample is further
defined as follows.

Let y1 be a sample of income for one particular year of a panel data set, with a sample size
denoted by n1 , and y2 a sample of income from a subsequent year of the panel, with a
sample size, n2 . Note that n1 and n2 need not be equal. Suppose there are k members of the
panel which have recorded incomes in both years, where k  min  n1 , n2  . These observations
can be matched (and ordered for ease of notation), giving

 y

1,1



, y2,1  ,  y1,k , y2, k  paired
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observations which follow some bivariate income distribution, f  y1 , y2  . With respect to the
remaining observations in the sample which are not matched with another observation from
the other year,  y1,k 1 , , y1,n1  is independent of y2 and  y2, k 1 , , y2, n2  is independent of
y1 . In addition, it should be noted that

y

1,1

, , y1,k  and

from the same marginal income density,

y

2, k 1

, , y2, n2



y

1, k 1

, , y1,n1

f1 ( y1 ) . Similarly,



y

are observations
2,1

, , y2,k 

and

come from the same marginal income density, given by f 2 ( y2 ) . The main

objective of this paper is to suggest alternative functional forms for the joint distribution of
income, f ( y1 , y2 ) , whilst preserving the marginal income distributions f1 ( y1 ) and f 2 ( y2 )
using all available data.

3. BIVARIATE INCOME DISTRIBUTIONS
3.1 Marginal Income Distributions
Since the Singh-Maddala and Dagum distributions have been shown to provide reasonable
fits to income distribution data (Singh and Maddala, 1976; Dagum, 1977; Kleiber, 1996),
they are attractive choices for the marginal densities. Both distributions belong to a class of
distributions owed to Burr (1942), and are special cases of the class of generalised beta of the
second kind (GB2) distributions established by McDonald (1984). The GB2 distribution has
probability density function given by

f ( y) 

ay ap 1
a
b B  p, q  1   y b  


ap

pq

,

y  0,

(1)

where b is a scale parameter, a , p and q are shape parameters and B  p, q  represents the
beta function defined as
 ( p ) ( q )
B  p, q  

( p  q)

1

t

p 1

(1  t ) q 1 dt .

(2)

0

The Singh-Maddala distribution, which is also known as the Burr XII distribution, is the
special case of the GB2 distribution where p  1 . It has a probability density function
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a q y a 1
1 q

a
b 1   y b  


a

,
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y  0,

(3)

y  0,

(4)

and corresponding cumulative distribution function given by
q

a
F ( y )  1  1   y b   ,



where the parameters a , b and q are all strictly positive. The mean and mode of the SinghMaddala distribution can be written in terms of the parameters a , b and q as



b  1 a    q  1 a 
,
a (q )

(5)

1a

 a 1 
m b
 ,
 aq  1 

(6)

with a  1 required for the mode to exist.

The Dagum distribution, which was later identified as the Burr III distribution, is the special
case of the GB2 distribution where q  1 . It has probability density function

f ( y) 

apy ap 1
a
b ap 1   y b  



p 1

y  0,

,

(7)

and cumulative distribution function

a
F ( y )  1   y b  



p

,

y  0,

(8)

where the parameters a , b and p are all strictly positive. The mean and mode of the Dagum
distribution can be written in terms of the parameters a , b and p as
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b  p  1 a   1  1 a 
,
( p )

 ap  1 
,
m b
 a  1 

(9)

1a

(10)

with ap  1 required for the mode to exist. For a more detailed discussion of the SinghMaddala and Dagum distributions and their properties, refer to Kleiber and Kotz (2003). The
closed form expressions given in (5), (6), (9) and (10) can be used to obtain estimates for the
mean income and modal income summary measures, using estimates of the distribution
parameters.

In addition to the mean and the mode, in our empirical work we consider two other quantities
of interest that can be computed from the parameters of the marginal distributions: the Gini
coefficient as an example of a measure of inequality, and the headcount ratio as an example
of a poverty measure. In general the Gini coefficient is given by (see, for example, Lambert
1993)
1

G  1  2  L( P ) dP
0

2
cov  y , F ( y ) 

2 
  1   y F  y  f  y  dy
 0


(11)

where L  P  is the Lorenz curve relating the cumulative income proportion to the cumulative
proportion of population P . For the Singh-Maddala distribution the integral in (11) yields

G  1

  q    2q  1 a 

,

(12)

1 .

(13)

  q  1 a    2q 

and for the Dagum distribution it is

G

  p  2 p 1 a
  p 1 a  2 p
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The headcount ratio is the most commonly used poverty measure in the literature. It is given
by the proportion of the population with incomes below a pre-specified poverty line z . Thus,
for both distributions it is given by the distribution function value F  z  .

3.2 The Bivariate Singh-Maddala Distribution

One of the distributions considered for the joint distribution of income is the bivariate case of
the multivariate Singh-Maddala distribution proposed by Takahasi (1965). Developed as a
compound Weibull distribution with a gamma distribution as the compounder, this
distribution contains both marginal and conditional distributions which follow a univariate
Singh-Maddala specification. It is often referred to as the multivariate Burr distribution due to
its introduction prior to the paper by Singh and Maddala (Kleiber and Kotz, 2003).

Consider two samples of income from different years, y1 and y2 , where both marginal
densities, f1  y1  and f 2  y2  respectively, follow the univariate Singh-Maddala distribution.
Under the bivariate case of Takahasi’s multivariate Singh-Maddala distribution, the joint
density of income is given by

  y a1  y a2 
 a1  a2 a1 1 a2 1
f  y1 , y2   q(q  1) a1 a2 b1 b2 y1 y2 1   1    2  
  b1   b2  

 ( q  2)

,

(14)

with a cumulative distribution function of the form
q

q

  y a1 
  y a2 
  y a1  y a2 
1
2
F  y1 , y2   1  1      1      1   1    2  
  b1  
  b2  
  b1   b2  

q

(15)

The parameters a1 and b1 correspond to the univariate Singh-Maddala distribution for the
marginal density of y1 , and a2 and b2 correspond to the marginal density for y2 . Note
however, that the parameter q is common to both marginal distributions

3.3 Bivariate Copula Distributions

The estimation of copulas is becoming an increasingly popular approach to modelling joint
distributions. Often the issue of dependence within a sample is addressed through the concept
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of correlation. However, when dealing with nonlinear relationships, which is usually the case
when analysing strictly positive income data, more complex, nonlinear dependence structures
can arise when considering joint distributions (Trivedi and Zimmer, 2005). The copula
approach makes it possible for a wide range of dependence structures to be captured beyond
simple correlation. Popularised by Sklar (1959), copulas allow for the derivation of a joint
distribution in terms of the marginal distributions of each variate. They can be fitted to any
specification for the marginal distributions, including allowing for the marginal variates to
follow different distributions.
A copula is a multivariate distribution which is defined on the  0,1 hypercube, where each
m

of the m marginal variates is uniformly distributed. That is, consider a set of m random
variates, y1 , , ym , each of which have a cumulative distribution function given by
F1 ( y1 ), , Fm ( ym ) , respectively. Then each can be transformed into marginal variates defined
on the unit interval  0,1 using u j ~ F j ( y j ) for j  1, , m . Each variate also has an inverse
cumulative distribution function such that y j ~ Fj1 (u j ) for j  1, , m . Under Sklar’s
theorem, if the joint distribution of y1 , , ym is given by some function, F  y1 ,, ym  , then
there exists a copula function, C  u1 ,, um  , with marginals given by F1 ( y1 ), , Fm ( ym ) such
that
F  y1 , , ym   F  F11 (u1 ), , Fm1 (um ) 
 C  F1 ( y1 ), , Fm ( ym ) 

(16)

 C  u1 , , um 

Thus modelling the dependence between the uniformly distributed margins is equivalent to
modelling the dependence between the variates themselves. If the marginal distributions
F1 ( y1 ), , Fm ( ym ) are continuous, then the copula function C  u1 ,, um  is unique. If some or
all of the marginal distributions are discrete, then the copula function still exists, however is
not unique. In addition, a copula must satisfy the following three properties:
(1) C 1, ,1, u j ,1, ,1  u j for any j  m ;
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(2) C  u1 ,, um   0 if u j  0 for any j  m ;
(3) C  u1 ,, um  is m-increasing.

A detailed discussion of the properties of a copula con be found in Trivedi and Zimmer
(2005).

The choice of copula depends on the dependence structure between the variates of interest.
This paper considers three of the most commonly applied bivariate copulas; the Gaussian
copula, Clayton copula and Gumbel copula. The Gaussian copula is an extension of the
bivariate normal distribution, and belongs to the class of elliptical copulas. It is defined as
C  u1 , u2 ;     G   1 (u1 ),  1 (u2 )  ,

(17)

where G is the distribution function for the standard bivariate normal distribution,  is the
distribution function for the standard univariate normal distribution, and  is the dependence
parameter which is the correlation between  1  u1  and  1  u2  . It is defined on the

 1, 1

interval, capturing both positive and negative dependence. A dependence parameter

with the value of 0 corresponds to independence.

The Clayton (1978) copula is defined as
C  u1 , u2 ;     u1  u2  1

1 

,

(18)

where the dependence parameter  is defined on the interval (0, ) . While the independence
case is not achieved for any value of  , the Clayton copula approaches independence as 
approaches zero. In addition, the Clayton copula can only capture positive dependence. It
favours data which exhibits strong left tail dependence and weak right tail dependence. Thus,
if a sample of bivariate data is expected to be highly correlated at lower values and relatively
less correlated at higher values, then the Clayton copula is an appropriate choice.
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The Gumbel (1960) copula is defined as



C  u1 , u2 ;    exp   u1  u2 

1

,

(19)

where u j   ln  u j  . In this case, the dependence parameter  is defined on the [1, )
interval, where a value of 1 represents the independence case. Like the Clayton copula, the
Gumbel copula only captures positive dependence. However, it favours data which exhibits
strong right tail dependence and weak left tail dependence.

Each of the three copula functions defined above are applied to the case where both marginal
densities follow the univariate Singh-Maddala distribution and to the case where both
marginal densities follow univariate Dagum distributions.

4. MAXIMUM LIKELIHOOD ESTIMATION
Maximum likelihood techniques have remained the preferred estimation method when
modelling joint distributions. When estimating copulas in particular, there are two alternative
approaches to maximum likelihood estimation. The first uses two-stage maximum likelihood,
where each marginal distribution is estimated at the first stage, and then the dependence
parameter is estimated at the second stage, using the estimates obtained at the first stage. This
method is attractive if there is a large number of marginal variates or if the marginal
distributions contain a large number of parameters. The other approach, which is the one
adopted by this paper, is the use of full information maximum likelihood (FIML) estimation,
where all parameters are estimated simultaneously. Although this method can become
cumbersome for highly parameterised marginal distributions or for high-dimensional copulas,
it gives more efficient estimates of the parameters (Trivedi and Zimmer, 2005). As only the
bivariate case is being considered in this analysis, the number of parameters to be estimated is
relatively low. Thus, FIML is used, favouring more efficient estimates.
4.1 The Log-Likelihood Function for a Partially Dependent Sample

Recall that, when using a partially dependent sample, some members of the panel will be
common to samples from each year, while some members will be observed in only one year.
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Once again, let y1 be a sample of income from one particular year of a panel data set,
following univariate income distribution f1  y1  , and let y2 be a sample of income from a
subsequent year of the panel, following a univariate income distribution f 2  y2  . The
observations which occur in both years follow a bivariate income distribution, f  y1 , y2  ,
while observations which occur in one year only are governed by their respective marginal
distributions.

In addition, let d1 be a dummy variable taking a value of 1 if a member of the panel recorded
an income only in the first year, and d 2 be a dummy variable taking a value of 1 if a member
of the panel recorded an income only in the subsequent year. Similarly, let

d3  1  d1 1  d 2  be a dummy variable indicating members of the panel who recorded an
income in both years. Then the log-likelihood function for a partially dependent sample can
be written as
n

n

n

i 1

i 1

i 1

l  ; y1 , y2    d1i ln f1  y1i    d 2i ln f 2  y2 i    d 3i ln f  y1i , y2i 

(20)

where n   n1  k    n2  k   k  n1  n2  k , and  is a vector containing the parameters
from both marginal distributions and the dependence parameter  . The dummy variable d1
picks out the  n1  k  observations of y1 which follow the marginal income distribution

f1  y1  . The dummy variable d 2 picks out the  n2  k  observations of y2 which follow the
marginal income distribution f 2  y2  . The dummy variable d 3 picks out the k observations
of y1 and y2 which come from the joint income distribution f  y1 , y2  .
It is relatively straightforward to derive ln f  y1i , y2i  from the probability density function
for Takahasi’s bivariate Singh-Maddala distribution. However, at this stage, it is useful to
define the density function and likelihood function of a copula in order to derive

ln f  y1i , y2i  for each copula.
4.2 The Copula Log-Likelihood Function
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Consider a bivariate copula denoted by C  F1  y1  , F2  y2  ;   . Its probability density function
is then defined as

c  u1 , u2 ;   


C  u1 , u2 ;  
y1 y2

(21)

 C12  u1 , u2 ;   f1  y1  f 2  y2 
where
C12  u1 , u2 ;   


C  u1 , u2 ;  
u1 u2

(22)

Thus,
ln f  y1i , y2i   ln c  u1i , u2i ; 

(23)

 ln C12  u1i , u2i ;    ln f1  y1i   ln f 2  y2i 

Substituting this expression into equation (20) yields the log-likelihood function

l  ; y1 , y2    ln f j  y ji    d3i ln C12  F1  y1i  , F2  y2i  ;   .
n

2

n

i 1 j 1

(24)

i 1

The function C12  F1  y1i  , F2  y2i  ;   represents the cross partial derivative of the copula
distribution function with respect to its marginals. Closed form expressions for this are
available for each of the three copulas considered in this paper as follows. For the Gaussian
copula,
1
 1

exp  1  2   x12  x22  2x1 x2  
 2

1

 exp   x12  x22  
2


C12  u1 , u2 ;     2 1  2  

1 2

(25)

where x1   1  u1  and x2   1  u2  .

For the Clayton copula,
C12  u1 , u2 ;    (1  )  u1u2 

1

u


1

 u2  1

2  1  

,

(26)
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and for the Gumbel copula,
C12  u1 , u2 ;    C  u1 , u2 ;   u1u2 

1

 u1u2 

 u1  u

1



 2  1  
2

 u   u  1     1 ,
2
 1


(27)

where u j   ln  u j  .

5. DATA
This analysis was applied to unit-record data of Australian household disposable income
obtained from the Household, Income and Labour Dynamics in Australia (HILDA) Survey
for 2001 and 2005. The HILDA Survey is a longitudinal study of Australian households,
which commenced in 2001 as an initiative of the Melbourne Institute of Applied Economic
and Social Research, University of Melbourne. However, only private dwellings were
considered in the sample of Australian households and as a result the homeless and those
living in public housing were excluded from this analysis. Households which recorded a zero
or negative disposable income were also removed from the data set.

The household disposable income data used in the analysis was derived by subtracting
financial year taxes from gross income. Household gross income was obtained by summing
all regular sources of income, from both private and public sources, including Family Tax
Benefits and Child Care Benefits, it excludes irregular sources of income. Households which
recorded a disposable income greater than a pre-specified threshold of $275,000 were
substituted with the top-coded value of their weighted average ($461,332 for 2001 and
$418,490 in 2005). This transformation is designed to maintain confidentiality for high
income households, and at the same time maintain the weighted mean of the distribution.

In order to account for differences in the size of the households, the household disposable
income data were adjusted using an equivalence scale. In particular, the OECD equivalence
scale was used, which gives a weight of 1.0 to the first adult household member, 0.7 to each
additional adult, and 0.5 to each child under the age of 15. The data were also adjusted to
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account for the effects of inflation using Consumer Price Index data obtained from the
Australian Bureau of Statistics, which is based in 1989/90 dollars.

From these data, a partially dependent sample was constructed by establishing whether a
particular household had recorded an income in one or both years and by considering its
composition in terms of number of adults and children. Households which only recorded an
income in one year were treated as independent from the distribution of income in the other
year. Households which recorded an income in both 2001 and 2005, and remained the same
in composition, were paired and treated as dependent. However, households which recorded
an income in both 2001 and 2005, and changed in composition, either by separating into
more than one household or joining with another to form one household, were treated as
independent. This categorisation is not perfect, but it is difficult to identify both the main
income earner in a particular household, and the potential change in an individual’s weight
given by the equivalence scale. Thus, while it is recognised that there is still some element of
dependence among such households, it would not be as strong as the dependence inherent in
households which remained the same in composition. It was found that 2750 households
recorded an income in both years and did not change in composition and, as a result, were
treated as dependent observations.

Figures 1 and 2 illustrate the sample distribution of real equivalised household disposable
income in Australia for the years 2001 and 2005, respectively. It can be seen that both sample
distributions exhibit positive skewness typical of income distributions. The data for 2001
comprises a sample of 7614 observations, with a sample mean income of $20,692.65 and a
sample median income of $17,793.94 (as shown in Table 1). The data for 2001 comprises a
sample of 7083 observations, with a sample mean income of $22,321.22 and a sample
median income of $19,228.28.
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Figure 1 Histogram of real equivalised household disposable income ($’00) for Australia in 2001
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Table 1 Descriptive statistics for real equivalised household disposable income ($’00)
for Australia in 2001 and 2005

Mean
Median
Maximum
Minimum
Std. Dev.
Skewness
Kurtosis
Observations

2001

2005

206.9265
177.9394
2298.615
0.054808
146.6253
4.00632
41.47192
7614

223.2122
192.2828
2820.013
0.449236
157.3059
3.623183
33.33139
7083

6. EMPIRICAL ANALYSIS
This section provides a discussion of the results from the analysis of the real equivalised
disposable income data after estimating each of the proposed models using FIML. Firstly, the
estimated parameters of each bivariate distribution, with both Singh-Maddala and Dagum
marginal distributions, and their associated density functions are compared to parameter
estimates obtained under the univariate case, where independence is assumed. Secondly, the
models are tested for independence using standard hypothesis tests. Finally, estimates of the
welfare measures, and their differences and associated standard errors for examining changes
in inequality and poverty between the two years, are compared.

Table 2 presents the parameter estimates and corresponding standard errors for each of the
bivariate income distributions where both marginal densities follow a Singh-Maddala
distribution. Parameter estimates and standard errors for the bivariate copulas, in which both
marginal densities follow the Dagum distribution, are contained in Table 3. In addition, the
marginal income distribution for each year was estimated independently, under both the
Singh-Maddala and Dagum specifications, with the results also presented in Tables 2 and 3
accordingly. In terms of overall model comparison, it can be seen that each of the bivariate
income distributions have log-likelihood values greater than the values achieved under the
univariate approach (which were obtained by summing the log-likelihoods from the two
separate estimations), providing evidence in favour of the use of bivariate income
distributions. Overall, the Gumbel copula appears to provide the best fit for the partially
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dependent income data, producing the highest log-likelihood value and lowest AIC. This is
observed for both forms of the marginal income distributions. As the Gumbel copula captures
strong right tail dependence, this seems to suggest that there is a relatively higher degree of
correlation within high income earners. That is, if a household earned a high income in 2001,
then they are also expected to earn a high income in 2005. This coincides with a relatively
higher degree of income mobility amongst low income earners, with the Gumbel copula
capturing relatively weak left tail dependence. In addition, the Gumbel copula with two
Singh-Maddala marginals is slightly favoured over the Gumbel copula with two Dagum
marginals, as it produced a slightly lower AIC, and a slightly higher log-likelihood value.

The parameter estimates and their standard errors are somewhat sensitive to the choice of
bivariate distribution. In the Singh-Maddala case, the Takahasi distribution, that has one
parameter common to both marginal distributions, appears to be too restrictive; its estimates
differ substantially from the others, and its log-likelihood function value is relatively small,
although still larger than those from the two Clayton copula cases. One must be careful not to
infer that estimates with lower standard errors are more efficient, in case a model is poorly
specified, but it is reassuring to note that the standard errors from the Gumbel copula models
are smaller than their counterparts from the other models, with the exception of the Takahasi
model, and, in particular, are smaller than those from the estimated univariate distributions.

The estimated density functions for income under each distribution are presented in Figures
A.1 to A.4, given in Appendix A. For each year and each marginal specification it appears
that the Gaussian and Gumbel copulas produce relatively similar income distributions in
comparison to the Clayton copula which produces a relatively lower mode and a fatter right
tail. The lower mode and fatter right tail of the Clayton copula suggests a slightly greater
number of households earning a higher disposable income than is suggested under the other
bivariate income distributions. In comparing the marginal distributions, it appears that there is
little difference between the Singh-Maddala and Dagum distributions, which is also shown by
the close log-likelihood and AIC values across Tables 2 and 3.
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2001
Distribution
Univariate
Takahasi
Gaussian
Clayton
Gumbel

2005

a

b

q

a

b

q

θ

LogL

AIC

2.326763
(0.030517)
2.659385
(0.027174)
2.306171
(0.028768)
2.226330
(0.027424)
2.404412

248.3544
(7.237804)
187.2049
(3.096971)
258.6003
(7.343034)
282.2625
(8.716143)
225.8673

1.849938
(0.084418)
1.180077
(0.034375)
1.961395
(0.085785)
2.209808
(0.103483)
1.582509

2.354199
(0.033820)
2.674124
(0.028875)
2.333232
(0.031184)
2.273241
(0.029347)
2.426464

261.8718
(8.013253)
201.5115
(3.382508)
274.1514
(8.032825)
292.7240
(9.209966)
240.7493

1.786583
(0.086050)
1.180077
(0.034375)
1.924729
(0.087742)
2.083788
(0.100780)
1.556804

0.654493
(0.006603)
1.214559
(0.029937)
1.956940

-90296.74

-

-89663.21

15.01100

-89517.05

14.98687

-89806.08

15.03525

-89405.97

14.96827

(0.030011)

(5.302110)

(0.058131)

(0.032845)

(5.946110)

(0.060727)

(0.030163)

Table 2 FIML estimates and standard errors in parentheses for the bivariate distributions with Singh-Maddala marginals

2001
Distribution
Univariate
Gaussian
Clayton
Gumbel

2005

a

b

p

a

b

p

θ

LogL

AIC

3.297944
(0.062788)
3.407191
(0.060955)
3.616174
(0.070194)
3.179721

217.3304
(3.258864)
225.0946
(3.062192)
242.4160
(3.283488)
210.1159

0.639739
(0.019846)
0.599126
(0.016737)
0.517617
(0.015807)
0.687982

3.301757
(0.065267)
3.440949
(0.064473)
3.603839
(0.072298)
3.172679

233.3335
(3.803521)
241.8563
(3.525197)
257.9431
(3.703287)
224.2632

0.645083
(0.021809)
0.597565
(0.018351)
0.532217
(0.017204)
0.700321

0.666582
(0.006754)
1.369025
(0.038702)
1.982700

-90324.99

-

-89527.85

14.98868

-89772.37

15.02961

-89412.60

14.96938

(0.051635)

(2.985036)

(0.018667)

(0.053183)

(3.445819)

(0.020654)

(0.030422)

Table 3 FIML estimates and standard errors in parentheses for the bivariate distributions with Dagum marginals
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Figure 4 Estimated income densities of real equivalised disposable income ($’00) for Australia in 2001 and
2005 under the Gumbel copula with two Dagum marginals

As an example of the change in the distribution between the two years, the estimated density
functions for income under the Gumbel copula with two Dagum marginals for 2001 and 2005
are given in Figure 4. Although it appears from the income densities that there has been little
change in the distribution of income in Australia, the income distribution for 2005 shows a
slightly fatter right tail along with a lower peak at the mode of the distribution than the
income distribution for 2001. This suggests that more households are earning higher
disposable incomes in 2005 compared to 2001, and that in general, households are wealthier
in 2005 than in 2001. A similar shift in the distribution of real equivalised disposable income
between 2001 and 2005 was captured by each of the proposed bivariate distributions.

It was previously recognised that each of the bivariate income distributions provided a better
fit to the partially dependent income data than the univariate income distributions, based on
values for the log-likelihood and AIC of each model. However, the case for independence can
be formally tested by conducting standard hypothesis tests on the dependence parameter for
each copula, given the asymptotic properties of the maximum likelihood estimates. Recall
that for the Gaussian copula, a dependence parameter with a value of zero indicates
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independence. For the Gumbel copula, independence is given under a dependence parameter
equal to one. For the Clayton copula, independence occurs as the dependence parameter
approaches zero. In all the these cases the p-value for a t-test of independence was extremely
small, suggesting a significant degree of dependence between the two marginal income
distributions, and that independence is not supported by the data. Note that as the Takahasi
bivariate Singh-Maddala distribution does not contain a dependence parameter, testing for
independence is not as straightforward.

In order to examine the extent of income inequality and poverty present in Australia,
estimates of mean income, modal income, the Gini coefficient and the headcount ratio were
obtained by substituting each estimated parameter into the expressions outlined in Section 3.
These are presented in Table 4 along with their standard errors, which were estimated using
the delta method. Also included are the nonparametric values observed from the sample data.
The sample Gini coefficient was calculated from the unit record data using the formula

 n
 n  1  i  yi



1
i 1


G 
n  1 2
n
n 

yi



i 1





 ,




(28)

where yi is the income of the i-th household after arranging the data in ascending order
according to income. The poverty line used to calculate the headcount ratio was half the
sample median income for each respective year.

From Table 4, it can be seen that each of the estimated summary measures appear to be very
close to the observed sample values. In addition, the relatively small standard errors for each
measure indicate that each was measured with a high level of precision. Overall we can
conclude that the estimates are relatively robust to choice of model. In all cases the sample
headcount ratio is slightly underestimated, suggesting that both distributions place more
weight in the right tail than is dictated by the sample. Standard errors for the copula models
tend to be smaller than those from their univariate counterparts.
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Table 4 Estimates of the inequality and poverty measures and their standard errors in parentheses
2001
Distribution

2005

Mean

Mode

Gini

HCR

Mean

Mode

Gini

HCR

206.9265

‐

0.334001

0.165222

223.2122

‐

0.334005

0.158125

Singh-Maddala Marginals
Univariate
206.2660
(1.57754)
Takahasi
208.9075
(1.89535)
Gaussian
206.5632
(1.46863)
Clayton
207.9688
(1.53322)
Gumbel
208.3347
(1.54575)

136.9027
(1.41951)
132.7646
(1.20561)
138.3875
(1.39318)
139.1738
(1.44212)
135.4187
(1.30321)

0.334300
(0.00299)
0.346500
(0.00383)
0.331692
(0.00283)
0.332425
(0.00270)
0.340225
(0.00300)

0.149908
(0.00322)
0.141751
(0.00297)
0.148449
(0.00305)
0.150330
(0.00309)
0.147926
(0.00306)

222.5971
(1.77170)
224.4695
(2.04301)
221.8006
(1.61203)
224.5462
(1.70770)
224.3702
(1.68869)

147.7996
(1.57692)
143.4309
(1.34788)
149.4590
(1.53331)
150.9608
(1.57359)
146.2933
(1.45529)

0.334053
(0.00313)
0.344649
(0.00385)
0.329849
(0.00289)
0.330881
(0.00282)
0.339206
(0.00312)

0.149006
(0.00338)
0.141679
(0.00311)
0.147936
(0.00320)
0.147474
(0.00313)
0.147345
(0.00323)

Dagum Marginals
Univariate
208.9561
(1.75898)
Gaussian
208.9155
(1.59275)
Clayton
209.1139
(1.63794)
Gumbel
210.4714

144.1536
(1.75716)
147.3901
(1.73790)
152.8924
(1.87701)
141.4473

0.341680
(0.00372)
0.338300
(0.00350)
0.336465
(0.00334)
0.346134

0.147031
(0.00312)
0.146658
(0.00301)
0.151098
(0.00314)
0.146124

225.1684
(1.95200)
223.9281
(1.73896)
225.4435
(1.80975)
226.6301

155.6433
(1.95421)
159.3271
(1.92538)
164.8970
(2.05805)
152.2794

0.340452
(0.00380)
0.335500
(0.00352)
0.334246
(0.00340)
0.345114

0.146296
(0.00330)
0.146407
(0.00318)
0.148391
(0.00320)
0.145430

(1.64247)

(1.58109)

(0.00348)

(0.00298)

(1.79466)

(1.74932)

(0.00357)

(0.00314)

Sample

One of the main objectives of the paper was to obtain standard errors for changes in income
distribution quantities of interest when we have a partially dependent sample. These standard
errors should take into account the covariance between estimates obtained in the two different
periods, a covariance that is assumed to be zero if the dependent nature of the sample is
ignored. Estimating a complete bivariate distribution using FIML enables one to derive the
correct standard errors. In Table 5 we examine the estimates of the differences in the means,
modes, Gini coefficients and headcount ratios over the two years, and their standard errors.
These differences are not large, although those for the means and modes are significantly
different from zero. More importantly, the standard errors from the bivariate distributions are
almost all less than those from the separate univariate distributions, and, in the case of the
best fitting Gumbel copula with Singh-Maddala marginals, considerably less. Thus, interval
estimates of changes in the various quantities of interest are more precise when the
covariance between years is taken into account.
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Table 5 Differences of the estimated inequality and poverty measures
and their standard errors in parentheses
Distribution

Mean

Mode

Gini

HCR

16.2857

-

0.000004

-0.007097

Singh-Maddala Marginals
Univariate
16.3311
(2.37225)
Takahasi
15.5620
(2.17076)
Gaussian
15.2374
(1.87752)
Clayton
16.5775
(2.30518)
Gumbel
16.0356
(1.60216)

10.8969
(2.12172)
10.6663
(1.76814)
11.0715
(1.82960)
11.7871
(1.83449)
10.8746
(1.70618)

-0.000248
(0.004327)
-0.001853
(0.004020)
-0.001843
(0.003766)
-0.001543
(0.003912)
-0.001019
(0.003321)

-0.000902
(0.004667)
-0.000072
(0.004422)
-0.000512
(0.003528)
-0.002857
(0.003115)
-0.000581
(0.003943)

Dagum Marginals
Univariate
16.2123
(2.62760)
Gaussian
15.0126
(2.02217)
Clayton
16.3296
(2.42845)
Gumbel
16.1587

11.4897
(2.62803)
11.9370
(2.56127)
12.0046
(2.72812)
10.8321

-0.001228
(0.005315)
-0.002796
(0.004724)
-0.002220
(0.004893)
-0.001021

-0.000735
(0.004543)
-0.000252
(0.003499)
-0.002707
(0.002967)
-0.000695

(1.67349)

(2.13190)

(0.003892)

(0.003821)

Sample

The estimates of each difference can also be used to analyse trends in income inequality and
poverty. Those for mean and modal income indicate that on average, Australian households
are better off, with estimates observing an increase between 2001 and 2005. According to the
Gumbel copula with two Singh-Maddala marginals, differences indicate that mean income
has increased by approximately $1,603, or 7.7 percent, and that modal income has increased
by approximately $1,088, or 8 percent, after adjusting for inflation. In analysing the trend in
inequality, the sample Gini coefficients have remained virtually unchanged between 2001 and
2005, with an extremely small increase of 0.000004 points indicating that there has been no
improvement over the five-year period. This would appear to suggest that the overall increase
in income has been proportionately distributed among households. However, the differences
obtained for each of the distributions considered suggest that there has been a slight reduction
in inequality, with the Gumbel copula with two Singh-Maddala marginals showing the Gini
coefficient decreasing by approximately 0.3 percent. With respect to trends in poverty, the
sample headcount ratio and difference estimates for each distribution indicate a slight
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decrease in the proportion of the population considered to be living in poverty, over the fiveyear period between 2001 and 2005. However, the extent of the decrease appears to have
been slightly underestimated, with a decrease in the headcount ratios, under the Clayton
copula with two Dagum marginals, of approximately 1.8 percent, as opposed to a 4.3 percent
decrease observed from the sample headcount ratio.

7. CONCLUSION
When analysing the incidence of inequality and poverty through the estimation of income
distributions, the presence of dependence in a sample of income taken from a panel study has
been left largely unaddressed in the literature on estimation of parametric income
distributions. The main objective of this paper was to suggest various bivariate distributions
for modelling a partially dependent sample of household income, from which inequality and
poverty measures could be produced to examine changes in such measures over time. Of
particular interest were the standard errors for the differences of each welfare measure
between two years of a panel study, as they are incorrectly estimated under the univariate
approach.

Maximum likelihood was used to fit the Gaussian, Clayton and Gumbel copulas, each with
either two Singh-Maddala marginals or two Dagum marginals, along with a bivariate SinghMaddala distribution, to real equivalised household income in Australia. In comparing the
parameter estimates of the bivariate income distributions to those obtained for the univariate
income distributions, it was found that the former performed better overall as they produced
higher log-likelihood values. This was consolidated by tests for independence conducted on
the dependence parameter for each copula. On a comparison of the bivariate models, it was
found that the Gumbel copula with two Singh-Maddala marginals best approximated the
distribution of income in Australia.

In addition, the parameter estimates were used to obtain estimates for mean income, modal
income, the Gini inequality measure, and the headcount ratio poverty measure for each
marginal distribution. Each measure was shown to be close to its respective nonparametric
estimate, with small standard errors also indicating that each was estimated with a high
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degree of precision. In terms of the differences for each summary measure, all bivariate
distributions considered produced more efficient estimates than those obtained from the
univariate distributions. It was shown that the Gumbel copula with two Singh-Maddala
marginals produced estimates for the differences in mean income, modal income and the Gini
coefficient with the smallest standard errors. However, for the headcount ratio, the Clayton
copula with two Dagum marginals produced estimates of the difference with the smallest
standard errors.

When using the differences of each summary measure to analyse trends in income inequality
and poverty, it was found that estimates of mean and modal income indicated that on average,
Australian households were better off in 2005 than in 2001. In analysing the trend in
inequality, the sample Gini coefficients suggested that there had been no improvement over
the five-year period. Conversely, the estimates obtained from the bivariate distributions
suggested that there had been a slight reduction in inequality. With respect to trends in
poverty, both the sample headcount ratio and associated estimates from the bivariate
distributions indicated a slight decrease in the proportion of the population considered to be
living in poverty between 2001 and 2005.

The methodology proposed in this paper can be easily extended to a multivariate case, which
would allow the use of data from each available year of a panel study, rather than only two
years. Various multivariate copulas are available in the literature, including multivariate
extensions of the Gaussian, Clayton and Gumbel copulas. This would enable the researcher to
gain a larger picture of the trends in inequality and poverty in each year. Further extensions
of the proposed methodology also include the Bayesian analysis of such multivariate income
distributions. The application of Bayesian inference methods is gaining interest in the field of
income inequality and poverty analysis at the univariate level. The methodology described in
this paper will facilitate the production of posterior densities for not only the parameters, but
also inequality and poverty measures of interest, and their differences, when using data from
a panel study.
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APPENDIX A
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Figure A.1 Estimated income densities of real equivalised disposable income ($’00) for Australia in 2001 for
bivariate distributions with two Singh-Maddala marginals
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Figure A.2 Estimated income densities of real equivalised disposable income ($’00) for Australia in 2005 for
bivariate distributions with two Singh-Maddala marginals
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Figure A.3 Estimated income densities of real equivalised disposable income ($’00) for Australia in 2001 for
bivariate distributions with two Dagum marginals
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Figure A.4 Estimated income densities of real equivalised disposable income ($’00) for Australia in 2005 for
bivariate distributions with two Dagum marginals
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