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Summary
The paper considers two models of a claim triangle, for both of which the chain ladder
algorithm for loss reserving is maximum likelihood. Section 4 examines the relation
between them in terms of fitted values and forecasts. Later sections consider the
prediction efficiency of the CL algorithm. For one model, the algorithm is found to be
minimum variance unbiased; for the other, it is biased but, if corrected for bias, is also
minimum variance unbiased (Section 5). The minimum variance unbiased estimators
are also minimum prediction error unbiased forecasts (Section 6).
Keywords: Chain ladder, maximum likelihood, minimum prediction error, minimum
variance unbiased estimator, over-dispersed Poisson.
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Introduction
It was noted some years ago that the chain ladder (CL) algorithm for loss
reserving was derivable from distinct models. This led to some debate over
which model could most appropriately be regarded as underlying the CL (Mack
& Venter, 2000; Verrall & England, 2000).
While it is not seen as constructive for the present paper to pursue that debate,
the paper does return to its territory briefly in Section 4 to compare two models
from which the CL algorithm may be derived as maximum likelihood (ML).
One of these, referred to later as the extended DFCL model, differs from those
that have been mainly discussed in the prior literature. The other, referred to as
the extended MP model, has been extensively discussed in the literature.
Section 4 discusses the relation between the two CL models in terms of their
fitted values and forecasts.
Section 5 examines the efficiency of the ML estimators associated with the two
models. One is found to be a minimum variance unbiased estimator (MVUE);
the other is biased but, if corrected for the bias, is also an MVUE.
In both cases, the MVUE equates to a minimum prediction error unbiased
forecast (Section 6).

2.

Chain ladder algorithm
Consider a claims triangle

. The

will

be referred to generically as the claim observations. Define cumulative claims
(2.1)
Also define age-to-age factors
(2.2)
The CL algorithm forecasts

as
(2.3)

Note that Fj can be expressed in the form
(2.4)
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where
(2.5)
and
(2.6)
That is, Fj is a weighted average of age-to-age factors for individual accident
periods.
It will be useful for later work to define the horizontal and vertical sums
(2.7)

(2.8)

3.

Two chain ladder models

3.1

Multiplicative Poisson (MP) model
Suppose that the
(MP1)
(MP2)

3.2

satisfy the following assumptions.

~Poisson
The

with

for parameters

.

are mutually stochastically independent.

Distribution free chain ladder (DFCL) model
Suppose that the
(DFCL1)
(DFCL2)

satisfy the following assumptions.
for parameter
for parameter

.
.

(DFCL3) Accident years
are independent in the sense that
stochastically independent.
3.3

are

Model extensions
The following extensions to the MP and DFCL models will be considered later
in this paper.
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MP model
Assumption (MP1) is replaced by
(MP1a)
Here ODP denotes over-dispersed Poisson with scale parameter
is subject to the density
means that

, which

(3.1)
for parameter
density g is

and function a (.,.) with

such that the mean associated with

(3.2)
It may be noted that
(3.3)
Note that
3.3.2

yields (MP1).

DFCL model
Note that, by (2.1),
(3.4)
by which (DFCL1) and (DFCL2) may be written in the equivalent incremental
forms:
(DFCL1)

(3.5)

(DFCL2)

(3.6)

Now a distribution is imposed on each

by the replacement of (DFCL1) by

(DFCL1a)
It follows from (DFCL1a), (3.3) and (3.6) that
(3.7)
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A model similar to this extended form of the DFCL model can be found in Mack
(1994, equation (5)), though normal, exponential and log normal distributions
were considered there rather than the ODP of (DFCL1a).

4.

Maximum likelihood estimation

4.1

MP model
It is well known that the CL algorithm (2.1) - (2.3) is ML for the MP model of
Section 3.1 (Hachemeister & Stanard, 1978). The same result holds when the
MP model is extended to the ODP version of Section 3.3.1 (England & Verrall,
2002).

4.2

DFCL model
ML estimation makes no sense for distribution free models. Consider, however,
the extended form of the DFCL model set out in Section 3.3.2.
Theorem 4.1. The CL algorithm (2.1) – (2.3) is ML for the extended DFCL
model of Section 3.3.2.
Proof.

Let C denote the triangle of observations

conditioned as in
(DFCL1a). Under (DFCL1a), the conditional log-likelihood of this triangle is
(4.1)

where, with a slight abuse of notation,
associated with the triangle and

here denotes the set of suffixes (i,j)

(4.2)
Then

Setting this to zero and solving for fj yields
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Comparison of the models
It is evident that the extended DFCL and extended MP models are different
since, in the former, each observation is stochastically dependent on prior
observations from the same row, whereas in the latter case this is not so.

4.3.1

Forecasts
Since the CL algorithm is ML for both MP and DFCL in their extended forms,
both produce the same forecasts of future claim observations. Hence
will
denote a forecast of a future Sij (ie i + j > n) according to either model.
The parameterisation (MP1) is known to contain one degree of redundancy
(Taylor, 2000). It may be made unique by the application of a single constraint.
The constraint used here will be
(4.3)
The same constraint will be applied to parameter estimates, ie
(4.4)
By (MP1) and (4.4)
(4.5)
where a hat denotes ML estimation.
Comparison with (2.3) gives
(4.6)
It follows that
(4.7)
But, by (MP1), the left side of (4.7) is just the ML forecast of Cij when i + j > n,
and so
(4.8)
This can be expressed just in terms of age-to-age factors as follows.
Since the DFCL model gives
(4.9)
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and (4.8) gives
(4.10)
it follows that
(4.11)
Inversion of this last relation yields
(4.12)

It then follows from (4.8) and (4.12) that
(4.13)
4.3.2

Fitted values
Consider fitted values
the former model,

for the extended MP and DFCL models. For

whence
(4.14)
by (4.6) and (4.11).
The corresponding fitted value for the extended DFCL model is, by (DFCL1a),

whence
(4.15)
For comparison with this, (4.14) yields
(4.16)
and so
(4.17)
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These ratios are, in general, different from unity. Note, however, that (4.14)
gives
(4.18)
a result that also follows from the fact that ML estimation in the extended MP
model is marginal sum estimation (Schnidt & Wünsche, 1998).
Thus
(4.19)

4.3.3

Conclusions
The conclusions here are that:






The extended MP and extended DFCL models are genuinely different.
The extended DFCL model has no fitted values for development period
j = 0.
The fitted values of the two models differ for subsequent development
periods.
The row sums of fitted values are equal for the two models, and in fact
equal to the row sums of observations.
All forecasts are equal as between the models.

The conclusions are illustrated by Figure 4.1.
Figure 4.1 – Chain ladder fitted values and forecasts
Development period j
j = 0:
no fitted values
for extended
DFCL

Accident
period i

i + j ≤ n:
extended DFCL and MP
fitted values differ

i + j > n:
extended DFCL and MP
forecasts coincide

i + j = n:
extended DFCL and MP cumulative
fitted values coincide
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By Section 3.3.2, the extended DFCL model is a special case of the DFCL
model. Mack (1993) shows that the CL algorithm produces unbiased forecasts
under the latter, and therefore under its extended form. He also shows that the Fj
are unbiased estimators of the fj.
Under the assumptions of the DFCL model,
(5.1)
from which it follows that Fj is the MVUE of fj within the family (2.4).
It is possible to generalise this result to show that the CL algorithm produces
MVUE estimators of the fj and of the Ci,n-1.
It is stated by Mack & Venter (2000, p. 102) that Mack (1993) had demonstrated
Fj to be an MVUE of fj. I have searched that earlier reference and failed to
locate the said demonstration. It appears that Mack & Venter may have been
referring to an implicit observation in Mack (1993, p. 217), as above, that Fj was
MVUE within the restricted family (2.4).
A couple of lemmas are needed to prove the MVUE property of the CL
algorithm.
Lemma 5.1. In the DFCL model,
(a)
(b)

the estimators Fj of the fj, j = 1, 2, …, n-1 produced by the CL algorithm
are unbiased and uncorrelated.
the estimators of
are unbiased.

Proof. These results are proved by Mack (1993, pp. 215-216).
Lemma 5.2. In the extended DFCL model,
(a)

the statistic Vj is sufficient for the parameter

(b)

the family of densities of Vj is complete.

.

Proof.
(a)

Write the conditional log-density of

in its exponential

dispersion family form (McCullagh & Nelder, 1993):
(5.2)
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where a, d are functions and, for the ODP case of the extended DFCL, the
cumulant function is
(5.3)
By (5.3) and (DFCL1a),
(5.4)
By (5.2) and (5.4), the conditional log-density of all
is the triangle obtained from by deleting the first column, is

, where

(5.5)

where

denotes the vertical sum of the cij corresponding to (2.8).

Note that, by the conditionality of the density, the values of the

are fixed.
Then, by the Fisher-Neyman factorisation theorem, the first of the two members
on the right side of (5.5) indicates that Vj is sufficient for fj.
(b)

The log-density (5.5) is the sum of the log-densities of

, with
each
. The Poisson family is known to be complete (Mood &
Graybill, 1963) and it follows that, since an ODP variate can be represented as a
multiple of a Poisson variate, the ODP family for
is
also complete.
Theorem 5.3.
MVUEs for

In the extended DFCL model, the CL algorithm produces

(a)
(b)
(c)
Proof.
(a)

By (2.1), (2.2) and (2.8),
(5.6)
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which is a function of Vj. Note that, while it is also a function of the
quantities are assumed fixed in the estimation of fj (see DFCL1a).

, these

By Lemma 5.1, Fj is an unbiased estimator of fj. By (5.6) and Lemma 5.2, it is
based on a sufficient statistic whose density comes from a complete family. It
follows from the Lehmann-Scheffé theorem that Fj is an MVUE of fj.
(b)

By (2.3),

is a function of
is therefore a sufficient statistic for

.

By (a),
which,

by (DFCL1a), is given by
(5.7)
It is next proved that the family of densities of
extended DFCL model is complete.

in the

Suppose that u(.) is a function such that
(5.8)
for all

.

Case I: u(.) depends on just one Vk. Then
(5.9)
As noted in the proof of Lemma 5.2,
and its family of densities is
therefore complete. In this case (5.9) implies that u(.) is identically zero.
Case II: u(.) depends on two or more Vk. Let Vk be one of the arguments of
u(.) and let A denote the set of all other arguments. Express (5.8) in the form
(5.10)
where

It has been seen in Case I that (5.10) implies u*(.) to be identically zero, and this
will be so for all choices of
.
By iterations of this argument, it may be shown that, for some m,
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for all choices of fm. By completeness of the ODP family of densities for Vm,

and this is true for all choices of the conditioning variates.
as a function of i-1 variables, which proves completeness
In other words,
of the family of densities of
.
By Lemma 5.1,

is an unbiased estimator of

. By the

argument just given it is based on a complete sufficient statistic.
is an MVUE, by the Lehman-Scheffé theorem.
(c)

Hence,

By (DFCL1a) and (DFCL3),

whence
(5.11)
Since, by (b),
that

is an unbiased estimator of

, (5.11) shows

is an unbiased estimator of

It is shown in (b) that

.

is a sufficient statistic for the summand on
is a sufficient statistic for the whole

the right side of (5.10), and so
summation.

with respect to
Completeness of the family of densities of
is proved by simply considering the proof of (b) for the case i = n.
Equation (5.8) then becomes
(5.12)
and the proof of (b) shows that this implies
Thus,

is an unbiased estimator of

complete sufficient statistic

.
that is based on the

. It is therefore an MVUE.
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It is noted at the outset that there is no hope of establishing the CL algorithm as
producing MVUEs as the estimators are not unbiased. This follows from
Theorem 3 of Taylor (2003), which shows that
is biased upward as
an estimator of
(5.13)
In parallel with (4.7) and (4.11), it may be checked that
(5.14)
(5.15)
Substitution of (5.15) in (5.14) and summation of the latter yields

which is equal to the right side of (5.13).
Thus
Let

is biased upward as an estimator of

.

denote the bias correction factor
(5.16)

Then the bias corrected MP estimator
(5.17)
is an unbiased estimator of
5.2.2

.

Variance
Lemma 5.4. in the extended MP model,
(a)
(b)

the vector T = (H1, H2, …, Hn-1, V0, V1, …, Vn-1) is a sufficient statistic
.
for the parameter set
the family of densities of T is complete.
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Remark. Note the absence of Hn from T.
Proof. (a)

Write the conditional log-density of Cij in the form (see (5.2)):
(5.18)

where the cumulant function is
(5.19)
By (5.19) and (MP1a),
(5.20)
Substitution of (5.20) into (5.18) and summation over all observations Cij gives a
log-likelihood of

(5.21)

By

the

Fisher-Neyman
factorisation
theorem,
is a sufficient statistic for

the

Note that there is redundancy in T* (as there is in the parameter set
Section 4.3.1)). The sum of all observations in is given by either

vector
.
(see

or
Therefore, one may delete any row or column of T* and still have a sufficient
statistic. Deletion of Hn therefore produces the sufficient statistic T.
(b)
The proof of completeness runs much as in Theorem 5.3(b). Suppose
that u(.) is a function such that
(5.22)
Express this in the form
(5.23)
where
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(5.24)

And Tn-1 is the vector T with Vn-1 deleted.
By (5.18), Vn-1 ~ ODP and, by completeness of the ODP family,
Vn-1 and . That is,

for all

(5.25)
Re-express this as
(5.26)
where
(5.27)
and

is the vector T with Vn-1, H1 deleted.

By (5.18), H1 ~ ODP and, by completeness of the ODP family,
admissible Vn-1, H1 and all . That is,

for all

(5.28)
Note that (5.28) dos not hold for all, but only all admissible, H1. this is because,
by non-negativity of ODP variates,
.
Iterations of the above process are continued in which
progressively replaced by

and

are

, where
(5.29)
(5.30)

and Tn-k is the vector T with
from Tn-k by deletion of Hk.

deleted and Un-k is obtained

At each iteration it is shown, in parallel with (5.28), that
(5.31)
All

are admissible, but the admissible

are given by
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(5.32)
At the end of the iterative process (k = n-1), Un-k = V0 and (5.31) reduces to
(5.33)
By completeness of the ODP family of densities for V0, this implies that, as a
, and this result holds for all
function of V0,
and all admissible values of the conditioning variates. Equivalently, as a
for all , and so the family of densities for T is
function of T,
complete.
Theorem 5.5. In the extended MP model,
(a)

The CL estimator

is a function of the statistic T;

(b)

is an MVUE of

;

(c)

is an MVUE of

.

Proof. (a)
Consider the estimator Fj defined by (2.2), specifically the
alternative form (5.6). This depends on Vj and on

depends on
Thus, the collection
is equivalent to dependency on T since

Now, by (2.3),

and this

depends on these factors and so the collection
also depends on T.

(b)

By Lemma 5.4, T is a complete sufficient statistic for the parameter set
of the extended MP model. Therefore,
, which by Section 5.2.1 is

an unbiased estimator of
statistic and so is an MVUE.

is a function of a complete sufficient
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(c)
Unbiasedness, sufficiency and completeness then follows from (b), and hence
the MVUE property of the estimator.
Corollary 5.6.
where

the variance associated with the MVUE of

.

Proof. Follows directly from (5.17) and Theorem 5.5.
Corollary 5.6 shows that, while the CL algorithm gives biased estimators in the
extended MP model, in cases where the bias is small, they will be approximately
MVUEs.

6.

Minimum prediction error
be an unbiased forecast of a variate S. The mean square error of
Let
prediction (MSEP) of is
(6.1)
If, among unbiased forecasts,
minimises MSEP[ ], then it will be called a
minimum prediction error unbiased forecast (MPEUF).
Decompose the prediction error

- S as

(6.2)

by unbiasedness of
Now suppose that
(6.1) to obtain

.
are stochastically independent. Substitute (6.2) into

(6.3)
where the cross term has vanished because of the supposed independence.
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In forecasting terminology, the two terms on the right of (6.3) are referred to as
the parameter error and process error respectively in the forecast of S by
(see eg Taylor, 2000).
Since Var[S] is fixed and unaffected by the form chosen for the forecast ,
This creates a
minimisation of Var[ ] will minimise MSEP[ ].
correspondence between MVUEs and MPEUFs, as in the following lemma.
Lemma 6.1. Let
independent.

be a forecast of S and suppose that

are stochastically

is an MPEUF if and only if it is an MVUE.

This result may be applied to the CL estimators.
Theorem 6.2. In the extended DFCL model,
(a)

the CL forecast

given by (2.3) is an MPEUF of

is an MPEUF of

(b)

.

.

Proof. (a)
The MVUE property follows from Theorem 5.3. All that needs
to be checked is the required stochastic independence of
and
.
Now
of past data

depends on just

, all of which are functions

.

On the other hand, by (DFCL1a), for j > n-i, the only prior data on which
depends is
. Similarly,
depends on just

, and so

depends on just

.

By extension of this argument, the only prior data on which
depends is

from past data, whence

and so also independent of
(b)

is independent of past data,

.

Again, the MVUE property follows from Theorem 5.3.

The proof just requires checking that
independent.

and

are
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is dependent on just past data

since this is the case for each summand. On the other hand,
on just

and future observations.

independent of past data, and therefore of

Thus,

depends
is

.

Theorem 6.3. The results of Theorem 6.2 hold for the extended MP model
when
is replaced by
.
Proof. The proof is quite parallel to that of Theorem 6.2.
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