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Preface

These notes have grown out of a number of sets of lecture notes prepared for
statistical courses and actuarial courses at Macquarie University and The University of
Copenhagen. The notes are far from perfect and far from complete.

The notes are primarily intended to provide an introductory set of lectures on the
subject of Kalman filtering and least squares estimation and its intimate connection to
Bayesian estimation and recursive estimation. Applications to loss reserving as a way
of overcoming multicollinearity problems are also given.
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0. Prologue and Introduction

Much of the earliest stimulus for the development of estimation theory was provided
by astronomical studies. The problems they addressed involved making inference as to
the location of a ‘heavenly body’, from a sequence of imperfect observations.

The concept of least squares estimation is inextricably linked to Karl Friedrick Gauss,
one of the “giants” of mathematics.

Gauss showed how it is possible “fo find the changes which the most likely values of
the unknowns undergo when a new equation (observation) is adjoined and to
determine the weights of these new observations”. To use contemporary terminology,
he developed an algorithm for sequentially or recursively updating the least squares
parameter estimates on receipt of additional data.

Gauss originated recursive least squares estimation theory. He also used Maximum
likelihood estimation techniques.

Plackett (1950) re-discovered recursive least squares estimation for the general linear
regression model. Plackett’s paper went almost unnoticed.

Kalman (1960) re-discovered recursive estimation in a more sophisticated form, as the
core of the linear filtering and prediction theory evolved by control and systems
theorists.

Kalman’s results were obtained without the knowledge of Gauss and Plackett. Kalman
used an argument based on orthogonal projection.

The Kalman filter recursive estimation algorithm can now be derived in various ways:

e orthogonal projection theory

e maximum likelihood

o Gauss - Markov (fixed) parameter regression
e Bayesian estimation

Kalman filter type algorithms have had an incredibly profound effect on data
processing in the last 30 years.

Kalman (1960) extends the theory to allow for estimation of time-variable (varying)
parameters or states, and to handle the analysis of non-stationary time series. So
Kalman’s major contribution is recursive least squares estimation in the context of
varying parameter models.

In the econometrics literature Goldberger and Thiel(1961) also present a least squares
procedure for recursively updating regression estimators.
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The first paper on Kalman Filters that appeared in the statistical literature is by Duncan
and Horn (1972), which essentially presents the Kalman Filter equations from the
viewpoint of fixed parameter least squares theory, even though the filter is applicable
to varying parameter models.

Kalman filtering and state space models now form a mature area of statistics. Kalman
filter algorithms are now rightfully regarded as efficient computational solutions of the
least squares method.

There have been a number of generalizations (extensions) of the Kalman filter to non-
Gaussian observation error terms. West, Harrison, and Mignon (1985) consider the
case where observations are from a general exponential sampling distribution and
develop algorithms that update the conditional error covariance matrices. Zehnwirth
(1988) develops algorithms for models with state dependent observation variances.
Here the filter updates the unconditional error covariance matrix. Naik-Nimbalkar and
Rajaishi (1995) consider a number of extended filters and smoothers and test their
relative performances.

In the second part of this paper we consider the loss reserving problem from the point
of view of trends in the three directions, development year, accident year and
payment year. Given, the nonorthogonality of the payment year direction to the other
two directions, one is faced with multi-collinearity problems when trying to estimate
“too many” parameters in the accident year and payment year directions. A neat way of
overcoming this problem is by introducing varying parameters in one of the directions.
This is tantamount to using exponential smoothing with changing weights. The Kalman
filter is used as a computational tool for computing the least squares estimates.

The paper tries to avoid where possible undue rigour and complexity.



1. Introduction to Least Squares

1.1 Least Squares and Gauss (1809)

The concept of least squares is inextricably linked to Gauss. Gauss showed how “to
find changes which the most likely values of the unknowns undergo when a new
equation (observation) is adjoined and to determine the weights of these new

determinations” .
1.2 Simplest Statistical (Regression) Model

Gauss considered the simplest regression model

iid

Y;.....Y, ~N(u,0%)

Equivalently,
Y=pu+g,

where el,...,e,,iijN(/,t,O'Z).

The least squares estimator (Ise) of 4 minimizes the sum of squares J,

=Y (%-uy.
i=1
Now,

d’ n
—=-2Y'(Y,-p)=0,
” Z( 1)

SO,

/ft=zn:Y,-/n.
i=1

That is, the sample mean ¥, = ZY,- /n isthe Ise of 1.

i=1

— o’
The variance V() = —.

(1.2.1)

(1.2.2)

(1.2.3)



1.2.1 Recursive Estimation

How is the estimator ¥, modified or updated on receipt of an additional observation
Y . .?

n+l ¢

We have:

.

i=1

n+l
ﬁn+1 = Yn+1 = ZY,/(H + l)
i=1

So,

n+l

(n+ )i, =Y,

i=1

=2Yi+Yn+l
i=1
=nﬁn+Yn+l
A~ N i 1
n+l +1 n n+1 n+l
e, Q=i +——1——(Y+1—[1 ) (1.2.1.1)
n n n+1 n n
(Relate to Apollo mission)

“(Y,,,— f1,)” is called the innovation or one step ahead prediction error. The revised

n

estimate is the “old” + “weight” times “prediction error”.

Moreover,

. o?
var(,, )= Tl

()%
n+l/ n

(1 - —i—l—)Var(/ft,, )

n




2

PutZ =2 and ¢, =L = 6%z
n n

ne

We have

(n+1)=(n)+1

So,
Z,, =Z'+1
or
Z, = lfnZ,, (1.2.1.2)
Equivalently,
o>

1l = m;—z (1.2.1.3)

Therefore, the “weight” or “credibility” assigned to the new observation or information
Y,,, is proportional to its relative precision vis a vis the estimator [, , for

var(y,,) = o’
and
Var(1,)=C,.
We can also write
C,..=(1-2,,)C,. (1.2.1.4)

The reader should note the computational differences between

n+l
ﬁn+l = 2K/(n+l)

i=l

and

n n 1 n
”n+l=l‘l n+;l_+—1- (Yn+1 _I’ln ) .



The former requires more computer storage capacity and more arithmetic operations
than the latter. This is the main reason that recursive formulae like (1.2.1.1) were used
in the Apollo moon mission and are today common place in every guidance
navigational system.

SUMMARY OF RESULTS

1. ﬁ,ﬁ.l = ﬁn +Zn+1(Yn+1 _ﬁn)

2. Z,. =G,(C,+ 02)_1

)
-9 (1.2.1.5)

o?+(C;'
3' Cn+1 = (1 - Zn+1 )Cn
4. A =Cl+(o?)”

where, Z, =1 and C, =Var(fl,)=0Z,. Equations 1 to 4 represent the Kalman
n

filter algorithm for the simple regression model.

1.3 Recursive Regression Estimation

In this section we develop recursive formulae for the multiple regression model. These
were first developed by Plackett (1950)

Consider the linear model:
Y, =By +Bux, +..AB,x, +E, i=1...,n

Let the vector

’

X; = (l,xli,...,xpi) .



That is X is the ‘design’ for the jth observation. The sum of squares of deviation J is
given by
7=Y (Y, -XB). (1.3.1)

i=1

The OLSE of B is obtained by minimizing (1.3.1) with respect to f.

-31 = —22": X, (Y, -X/8)=0

ﬁ i=l
zxiX:Bn = ZX;’Y.' : (1.3.2)
i=1 i=1
Note that
X;
X=|:
X,

The quantity 3,, is the OLSE of B based on the observations (yl,xll,...,xh), ey

(y,,,xln,...,xpn), that is, at ‘time n’.

How is the estimator ﬁ , updated on receipt of additional information

(3 000, )?

Consider (1.3.2), viz.,

Y XXB, =Y XY, (13.3)

i=1 i=1

Note,

X'X = ix,.x,.' ., XY= ix,.Y,. .

i=1 i=l

Put

Var(ﬁ,) =c*(XX)" =C, =a’P,, say.

Also,let b, =Y XY,.

i=1



PL=YXX

i=1

’
X n+l

=P +X

n+l
and similarly

bn+1 = bn + Xn+1Yn+l

But,

le ; m1 = Doy

=b,+X,,Y,,

So,

Pn_-:l ; n+l = Pn—IBn + Xn+lYn+1
Alternatively,

B.i=P.P B, +P. X, Y.,
Let

K..=P.,X.,
Since,

P;:l =P, T+ X, X
it follows that

I=P P '+P, X, X,

P =P, + P.X,  X.P,
$O,

P, =P, +K_ X, P

n+] n+l“Fntl® n

Pn+l = (I - Kn+1X:;+1 )Pn

(1.3.4)

(1.3.5)

(1.3.6)
from (1.3.3)

(1.3.7)

(1.3.8)

(1.3.9)

(1.3.10)



If we let

’
X nt+l

Zn+1 = K

n+l

then

Cn+l = (I —Zn+lﬁn
which is identical to (1.3.5)!

Let’s push on. Since

Pn+1 = Pn - Kn+1X;+an
= Pn+lxn+l = Pan+1 - Kn+lx:|+1Pan+l

. _ _ ’
1.e., I(n+l - Pan+l Kn+1Xn+anXn+l

K. (I + X:+1ann+1) =P,X, .
So,
, -1
K. =P.X,,(I+X,P.X,,)
Equivalently,
l(n-l-l = Cnxn+l (GZI + X:|+1Cnxn+l )—1
and

~1 ,
Zn+l = Can+l (GZI + Cnxn+1) Xn+l
It can be shown using matrix manipulators that
r 2 -1\t 2zt
Z, = Cn( 0 X, +C ) X100 X,

This formulae bears strong resemblance to 2 of (1.2.1.5).

From (1.3.8), (1.3.9) and (1.3.10) we have
ﬂn+1 = (I - Kn+1Xr'|+1 )ﬁn + Kn+1Yn+1

=B, + K,y (Y~ X}uiB,)

(1.3.11)

(1.3.12)

(1.3.13)

(1.3.14)

(1.3.15)



SUMMARY OF RECURSIONS
L B =B+ KoYy —X0B)
2. K, =CX,.(0’1+X,,CX,,)"
3. C,,=0-KX,), (1.3.16)

’
X n+l

4. C.

n+l n+l

=C;'+07°X

Note the similarities between (1.2.1.5) and (1.3.16).



2. Time Series

Consider the sequence of random variables {y, = 1,2,...}. The index t denotes
time. We study how past values (y,,,y,,_l,...,yl) of y can be used to forecast future
values y,,;s Yz oo
2.1 Constant mean model
Assume observations y, are generated by

y, =U+E, (2.1.1)

where U is a constant mean level and &€, is a sequence of uncorrelated errors with
variance 0. If 1 is known, the minimum mean square error forecast of a future
observation J,,, at time n is

5’(,.)‘»1 =M.
Minimum
R 2 2
E(yn+l - y(n)+l) = E(yn+1 _u) ’
so the best forecast is
y(n)+l = l‘l .

If y is unknown we estimate it from the data D, = (y,...,y,) by ¥,,

ﬁn=7n=2yi/n°

i=l

The 1-step-ahead forecast of y,,, is



where

N 1 ¢ -
0'2,‘ ='n—:"2(}’r - yn)2 .

t=1

We have already developed a recursive formula for [, .
There is also a recursion for the residual sum of squares, SSE(n),
SSE(n) = SSE(n—1)+(n—1}, = &,..) + (7. - 1.)’-

This recursion is due to Plackett (1950). Indeed, Plackett (1950) developed a recursion
for the estimate of o in the context of the multiple regression model of Section 1.3.

A recursive formula for one step ahead forecasts is given by

3 (ne1)s1 = ¥ (n)+1 +;l"l— Yur =3 (m)+1
+

The new forecast is the previous forecast, corrected by a fixed fraction of the most
recent forecast error, viz., y,,; — 9(,,)+1 .

2.2 Locally constant mean level

The model (2.1.1) assumes that the mean u is constant over all time periods. This
means that each observation carries the same weight in forecasting y,., .

Heuristically, it may make more sense to give more weight to the more recent
observations especially if the mean moves slowly over time.

Let
n-1 .
.9(,.)4,1 = Czwjyn—j
=0

= c(y,l +wy, . yl)

Here the weights decrease geometrically with the age of the observations. The
quantity w: || <1 is called the discount coefficient.

10



The quantity w should depend on how fast the mean level is moving.

Sum of weights = ¢+ cw+.. +cw™™

_dt-w)

T l-w

In order that the sum of weights is 1, we have

1-w")Y
()
Indeed, if n is large ¢ > 1—w.
So,
iy = (L= WY + Wy tw™ y,)
=(1-w)y, + w[(l = WYYy + WYt AW, )]
= (1= W)Y, + W

Let o =1-w. The coefficient o is called the smoothing constant of exponential
smoothing.

Let S, = Jp1-
We have,
S,=(1-w)y,+ WP (n-tput
=(1-w)y, +wS,,
=y, +(1-w)y, - S.)

Su =yn+a(yn_sn—l)

11



Implementation

1.  Choose an initial value S,.
2. o =1-w, determines the extent to which past observations influence the
forecast.

The smoothing constant o is determined as follows:

The values S,; ¢t =1,...,n are generated for various o ’s. For each a, compute the
one-step-ahead forecast error

€= _St—l

and Sum of Squares

SSE(a)=Y 2

t=]
Choose o = a,: SSE(a,) = rrllzinSSE(a).
Choose S, in conjunction with ¢
ie. fa=0 = choosey So =9,
if c =1 = choose S, = y,.

Note that o, is the maximum likelihood estimator of ¢ in the Muth (1960) model
described in Section 4.

2.3 Discount Least Squares

Suppose we minimize,

n—1

SSE=Y w(¥.; - “)2
=0

dSSE _ & oy
o TR Dk

L=y, +wy, +.+w"y

12



So, the forecast J,,, is the optimal forecast based on a discount (weighted) least

squares criterion.

13



3. Updating Least Squares Estimators

3.1 Updating Sample Based Estimators
Suppose X, is an estimate of p with variance ol.
Suppose X, is an estimate of 4 with variance o7} .

The optimal weighted least squares estimate of u, [, is given by

[t=(1—z)Xl+zX2 (3.1.1)
where
zZ= ——0;2
o’ +o0y

estimator fI minimizes

2
Zofl(xi _ﬂ)z .

i=1

We also have
o* =Var(fi) = (o7 +07) . (3.1.2)

iid —_
Example: Based on Y,,....Y,~N (u,oz) , the Ise of u is Y, with variance equal to

0.2

n

If we have another observation Y,,,,then Y, ., ~ N (u,oz) .

Here
2
— , O
X1=Yn, 0-0::_
n
2 2
X,=Y., o, =0

p=(1-2)Y,, +F

14



where

So,
N 1 n
=—1Y + Y
T R b
Also
2
ot =2,
n+1

These are identical to the results obtained in Section 1.2.1.

3.2 Bayesian Updating
Suppose

X|u~Npol) and  plu,~ N(g,,07)
then

u|x ~ N(m,0?)
where

m=E(u[X)

=(1-z)p, +2X
m= g+ 2(X ~ 1)

where

=2

o2 +0y

15
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and
o? =Var(y|X)

~1

= (07’ +07%) (3.2.2)

Case (i)
620 = w-1,m—>X ad 0’ >0;

Here we are completely ignorant about the prior estimate U, and accordingly assign
full credibility to X.

Case (ii)
0}l50 = w-o0,mo U, ad 0° >0,

Here we are absolutely certain about the prior estimate i, and assign zero credibility
to the sample information.

Interpretation
a) U, is the ‘prior’ estimate of . The uncertainty associated with L, is o}

b) X is the sampling information about y . X is the estimate of i based on the
sample. The precision of X is determined by the value of o?.

c) m is the estimate of y based on the two sources of information. It is a
weighted average of X and . The weights are inversely proportional to the
relative precisions.

d) o is the uncertainty associated with m.

Equivalence of Bayesian Updating and Sample based updating

It is important to recognise that Bayesian updating is equivalent to sample based
updating provided the prior information (sample) are the same.

Equations (3.1.1) is the same as equation (3.2.1) and equation (3.1.2) is the same as
(3.2.2) provided p, = X,.

16



The Bayesian formulation can be written
X=pu+e Var(e) = o}
pU=p,+6 Var(6) =0}

and the equivalent sampling formulation is
X=p+e Var(e) = o}
U=l +6 Var(6) =0}

In the Bayes formulation p is random with u, fixed, whereas in the sampling
formulation u, is random and u is fixed.

In the Bayes formulation u, represents a subjective guess at f. In the sampling
formulation y, is an estimator of 4 . based on a prior sample.

17



4. Exponential Smoothing Model - Muth (1960) and Locally
Constant Mean

Muth (1960) presented a model for which exponential smoothing forecasts are optimal,
that is, are minimum mean square error.

y.=H,+eE, t=12,. 4.1)
M, =H,_, +6, 4.2)
Var(e,)=0?

Var(8,)=0}

The mean levels {u,} follow a random walk process. Since i, — [, represents the

mean trend, the model is also commonly known as a stochastic trend model or random
walk plus noise model.

Note that if o3 =0, then this model is equivalent to the constant mean level model

(2.1.1). If o2 > 0 then this model is equivalent as a locally constant model described in
Sections 2.2 and 2.3.

At the other extreme, if 02 — oo, then this would suggest that the smoothing constant
o —1, w—1. We now use the Bayesians updating formula of Section 3.2 to develop
a recursive algorithm for the estimate of L,.
Suppose we have reached time n-1, so that we have
fl, (basedon y, ..., y,,)
an estimate of i, ,, with variance o2 .
According to equation (4.2) our estimate of y,, at time n-1, is
ﬁnln—l = ﬁn—l
with variance

Oojps = Ony + 05, from equation (4.2).

So before we observe y,, we have the prior estimate ﬁn|n—1 of u, with variance

2
O -

18



Based on the datum y,, our estimate of i, is y,, with variance o2.

Therefore our updated estimate of u,, based on equation (3.2.1), is,
ﬁn = (1 - Z)i:lnln—] + Zyn

= ﬁnln—l + z(yn - ﬁnln—l)

where,
2 _
o-nln—l 062
1_ Z= 2 7 z= =2 ;)
o-nln—l +0-£ GE + n|n—1
That is,
2 2 2 -1
z= O-n|n—1 (Gs + o-nln—l)
Moreover,
2 2
O',, = (]. - Z)O-n]"_l .
So we have
ﬁn =un—l+Kn(yn_ﬁn—l) (1)
2 2 2\
K,= O.nln—l(o-n|n—1 + GE) =z, (2)
4.3)
2 2 2
on|n—1 = o-n—l + o-e (3)
2 2
o, =(1-x,)o0., )

These represent the Kalman filter algorithm for updating {un} for the model described
by (4.1) and (4.2).

The equations
y, =, +€, : Var(e,)=02, = t=12,..

are called the measurement or gbservation equations.

19



We also have
m, =4, +6,: Var(8,)=03. t=23...
These are called the system or state equations.

The two equations (measurement and system) describe a Dynamic Linear Model
(DLM).

Implementation of Recursions

Set

B = Ko and o}, =Var(,)
Then,

K, =0 (0%, +07)

By = po+ 5, (30— Mo)s
and

o’ = (l—xl)aflo.
Goto(3) > (2> >@W->0B) -2 > Detc
Special Cases:
Case (i): Ojjp = °° = x,—>1 and 1, =y,

So if we are completely uncertain about a prior estimate of u, it does not matter what
U, is!

Case (ii) If 0'§ = (), then by induction we can show that

op (o./Nn)”

S Hot o_l_lg + (O'E/\/;)—Z Yn

o o +(O'E/\/;)

This is a weighted average of the ‘prior’ estimate i, and the sample based estimate
yn *

20



The variance of the estimate [, is
2 -2 2\
o’ =(nas +01|0) .

Also,

2

O 0

K = zn =—-—————2 )
noy, +0,

and of course

2

n| n—1

o’ =02, (since 0;=0)

If in addition to 02 =0, we let 02 — o (that is, our prior estimate is extremel
5 1[0 p y

‘vague’) we have

A

H,=5,

as expected.
2

n

2
c,=—%
n

This is the constant mean level model (2.1.1)

Case (iii): Exponential Smoothing - Locally Constant Mean
Bo=R+56,(y, = Baa) (1)
Ky =0, (Giln—l +0; )—1 2
Orps =0ry +0; 3)
o, =(l-x,)00., 4)
With

By =Ho+6, and o =Var(s))
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From (4) we have

2

2 o, 2
0,=— +0°" njn-1
Gn'n—l GE
2
— Ge 2 2
= (07, +03)

o, +o5+0?
Given that 62, o2 are constants, we would ‘expect’ 02 — ¢ (say).
So

o.2

c =;+—o_'¢2;€—+—o_z(c+0’§)

¢’ +c(o} +0%)=col +0l0;

= c’+co;-0l0;=0

2
c+ol
c+oi+o?

=K, say
iln = iln—l +K(yn _ﬁn—l)
Sn+1 = Sn +K(yn _Sn)

So x is equivalent to & in exponential smoothing. The estimator ¢, in Section 2.2, is
the maximum likelihood estimator in the Muth (1960) model.

Implementation

Data: Yiseeos Y
Estimate: 62 = —L—i(y,. -3).
n-— 1 i=1

Find 65 : > (¥a—fos )’ is minimized - just like in exponential
smoothing.
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4.1 Varying parameters, weighted least squares and smoothing

Suppose
iid 2 iid 5
yn,...,yl,,l~N(a1,0 ) and yzl,...,yz,,2~N(a2,0' )
That is,
2 2
3, ~ N(al,g—) and 3, ~ N(az,g—).
n n,
Equivalently,
y, =, +¢& and y, =0, +¢€,
o’ o’
where Var(g,)=— and Var(e,) = —.
n
Suppose further that,
a,=0,+n : Var(n)=o;.
We can now write
y =0, t§g

y, =0, +N+¢,
—

0.2
Variance = — + O'f,
n,

We wish to find the weighted least squares estimator of o, that minimizes
- 2 - 2
w3 -a,) +W, (7, - )

where

2
wi=2 and wi=Z 4102,
m
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The augmented regression model can be written

(el

-1
Variance = [M?) 0 j

-1

w,
So,
&, =(1-z2)3,+z73,.
Similarly,
&2 = (1" 22)-)71 +2,9,,
where
, = m/o’
"o fot+ n2/(o'2 +n,07)
. = n,/o?
' mfo’+n[(0” +mo?)

Both &, and &, are weighted least squares estimators or credibility estimators.

The estimator @, is a smoother not a filter. At ‘time #=2" we also revise our estimator
of a,, the parameter at ‘time f=1". We have demonstrated that a varying parameter

model can be formulated as a generalised linear regression model, or a weighted least
squares model.
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5. Gauss - Markov (Duncan and Horn (1972))

Consider the linear model

Y=XB+¢ Var(e)=X (5.1)
with prior sampling information

B,=B+8 : Var(8) = F, (5.2)

The quantity B, is an estimate of B based on past data. Specifically B, is unbiased
for B and has precision R)‘l. We can re-cast (5.1) and (5.2) as an augmented model:

Y X £ :

2. p+(5) &
The GLSE of B is given by

B = (X=X’ +P;') " (F;'B, +X=7'Y).
Useful matrix identities are

@ (A"'+B’C’'B) =A-AB'D”BA
where D= C+BAB’

i) B(I+AB)" =(I+BA)"'B
Using these identities B can be re-cast

B=(1-2)B,+2B
where,

B=(x="X)"XZ'Y

and
Z=(XZ'X+P;') XT7X

Note that B is the weighted least squares estimator for model (5.1).
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We let

P = Var(ﬁ) .
Alternatively,

B=B,+K(Y-XB,) : (5.4)
K =P, X'(XP,X'+X)" (5.5)
P, = (I-KX)P, (5.6)
K=pPX7Zx" (5.7
7 =KX (5.8)
P =P +XZT7'X | (5.9)

We also obtain the same algorithms with the alternative Bayesian formulation
Y=XB+e : Var(e)=X

and
E(B)=B, and Var(B)=P,.

So, the algorithms do not distinguish between prior information based on a sample and
prior ‘subjective’ information.

In the sampling formulation, the quantity B, is a prior estimator based on a prior
sample. So, B, is a random variable and B is a constant.

In the Bayesian formulation B is a random variable and B, a constant.
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5.1 Kalman Filter Algorithm

There are two sets of model equations

1. Observation Equations
Y(1) = X(£)B() + £(¢) : Var(e(f)) = X(¢) (5.1.1)

2. System Equations
B(t)=H()B(t-)+6(r) Var(8(1)) = T(¢) (5.1.2)

Derivation of recursive algorithm
Attime ¢ -1 we have, B(t —1) with variance covariance P(f-1).
So,
Ble-1) =BOB¢ )
with covariance
P(de —1) =H(r)P(r - H'(t) + T(¢) from (5.1.2)
Prior at time ¢ of B(¢) has mean
B(de-1)
and variance
P(te-1).
Sample at time ¢, or observation equation at time ¢ is

Y(t) = X(¢)B(¢) + £(t) : Var(e(t)) = Z(t)
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Therefore, using Gauss - Markov (or Bayesian Updating)
B(e) = Blde 1)+ (1) ¥ () -X(B(t -1))
K () = P(t - )X ()X ()P(t - )X (0)+ 2(1)”
P(r) = (1-K()X())P(e -
K(1) =P(OX ()= ()

P'(t) =P (ft —1) + X"(F)=" (1) X(?)

The initial or starting values are given by

B() = B(0)+6(0).

That is B(1) has a prior has mean B(0) with variance/covariance matrix P(1[0).
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6. Smoothers

Our results so far have been chiefly concerned with the filtering problem when an
estimate of the signal B(k) (at time k) is based on the measurement Y(1), ..., Y(k).

The estimate B(k) based on Y(1), ..., Y(k) is called the filter. The best estimate of

B(j) (1<j<k), say B(j), based on Y(1), ..., Y(k) is called the smoother or

smoothed estimate. In section 4.1, if we regard the first sample as that obtained at
“time 1” and the second as that obtained at “time 2”, then &, is the smooth estimate,

whereas &, is both the smoother and the filter.

The smoothing problem is a filter problem in disguise, and therefore may be solved by
direct application of the Kalman filtering results.

One way of solving the ssmoothing problem is to augment the state at time ¢, thus

’

B (1)=(B(t).B"(t ~1)..... B (D)

So,
’

B 0=(p0.8" - 1)

The augmented observation equation at time #is .

Y(t)=(X(2),0)B° () + £(t) (6.1)
with augmented state equation
(H(r) 0 - 0] [5(t)]
Ir 0 -0 0
Beit)y=[ 0 . .. P|B(-14+| (6.2)
P 0 :
| 0 - 0 I | 0

The filter ﬁ"(t) at time ¢ for (6.1) and (6.2) yields the smoothed estimates B(l) , B(Z) ,
s B(2) at time .
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We now revisit section 4.1. We have

2

y=o,+€& Var(e,) = g
n

a,=0,+6 : Var(8) = o?
0.2

y,=a,+¢€, : Var(g,)=—
n

2

The augmented observation equation at “time =2" is

- a o’
y, =(1 O)(a2)+£1 : Var(81)=-z

1

and
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7. Trend Properties Of Loss Development Arrays

Since a model is suppose to capture the trends in the data, it behoves us to discuss the
geometry of trends in the three directions, viz., development year (or delay), accident
year and payment (or calendar) year.

The most important direction is the payment year. Payments, claim counts, etc. made
in the same payment year (or period) are made in the same year. So any payment year
effects economic inflation, superimposed inflation will manifest themselves from one
diagonal to the next.

Development years are denoted by d; d = 0, 1, 2, ..., s-1; accident years by w;, w = 1,2,
..., §; and payment years by £, t =1, 2, ..., 5.

a W

Figure 7.1

The payment year variable ¢ can be expressed as t = w + d. This relationship between
the three directions implies that there are only two ‘independent’ directions.

The two directions, development year and accident year, are orthogonal, equivalently,
they have zero correlation. That is, trends in either direction are not projected onto the
other. The payment year direction ¢ however, is not orthogonal to either the
development year or accident year directions. That is, a trend in the payment year
direction is also projected onto the development year and accident year directions.
Similarly, accident year trends are projected onto payment year trends.
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The following displays demonstrate the equivalence of trends in general.

>1,

1

-1,

531,

Le L L+,

Litl,

Trends on a log scale are additive and any trend in the payment year direction projects
in the other two directions.

32



We can write a model that has parameters in the three directions as

w+d

d
yw.d)=a,+7; + )1, +£(w,d)

j=1 =2
where
* yw.d)=Inp(w.d)
. o, is“level” of accident year w

° v, is trend between development years j-1 and j

° 1, is trend between payment years -1 and ¢

(7.1)

The zero mean error terms £(w,d) are assumed to be independent from a normal

distribution.
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8. A Model With Three Inflation Parameters

In this section we simulate a triangle of icremental paid losses based on a model with
three inflation parameters. We do this in order to illustrate properties of trends, and
demonstrate that the three diagnostic tools provide the correct information.

The data in Appendix A1 to Appendix A9 are generated as follows.
First, we create payments based on the formula:

p(w,d) =exp(a — 0.2+ d) . (8.1)
That is, each accident year w is generated by the same exponential curve with y
(gamma) or decay factor equal to -0.2. The letter o (alpha) represents the intercept,

level or (log) “exposure”. Here a=11513. See Appendix Al for a display of the
data.

TRENDS

1978 -02,
01
.
015

1982
1983
1491

Figure 8.1

On a log scale we introduce payment/calendar year trends thus: 10% trend from 1978-
82, 30% trend from 1982-83 and 15% trend from 1983-91. The logarithms of the
payments with these trends are given in Appendix A2.

Development year trends .

126

""""""""""""

7\ *\—\_‘_‘"W‘
Accident year 1978 Accident ysar 1979

10.6 (] L ] L 1 Il 1 A 1 L i 1
] 1 2 3 4 5 -] 7 8 -] 10 11 12 13

e Accldent year 1983

Figure 8.2
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Figure 8.2 displays the graph of the log paid losses versus development year for the
first six accident years. (The log paid losses are presented in Appendix A2).

Observe how payment/calendar year trends project onto development years and
accident years. Each of the first six accident years has a different resultant run-off
development.

Consider the first accident year 1978. The 10% calendar year trend projects onto the
development year, so that the resultant trend from development year 0 to development
year 4 is -0.2 (the gamma) + .1 (the payment year trend)= -.1. The 30% trend between
calendar years 1982 and 1983 also projects onto the development year so that the
trend between development year 4 and 5 is -.2+.3=.1. Thereafter the trend is
-2+.15=-.05. Since .15 is larger than .1, the resultant decay in the tail is less rapid (-
05>-.1).

Consider the next accident year 1979. First, up to development year 3, this accident
year is 10% higher than the previous one since the 10% calendar year trend also
projects onto the accident years. The 10% upward trend is one development year
earlier than in the previous accident year since the 30% trend is a calendar year change. .

So, changing payment/calendar year trends can cause some interesting development
year patterns. The run-off pattern is different for each accident year. The payment year
trends cannot be determined by the link ratios (age-to-age development factors)
displayed in Appendix A4.

The patterns became much more complicated in the presence of random fluctuations
superimposed on the trends.

The model describing the data we have constructed can be represented pictorially thus:

Figure 8.3

where ¥ =-0.2, 1, =0.1, 1, =0.3and 1, =0.15.

Writing the equations explicitly is not necessary. Indeed, it is too complicated. It is
understanding the trend structure that is important.
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We note that the resultant trend (age-to-age development factor) between
development years j-1 and j is the (base) development factor y between the two
development years plus the payment year trend 1 (iota) between the two corresponding
payment years. ’

We now introduce random fluctuations or deviations from trends.

To all the log “payments” in the triangle we add random numbers from a normal
distribution with mean zero. Equivalently, to the trends depicted in Figure 8.2, we add
random numbers from a normal distribution displayed in Appendix AS. The sum of
trends (Appendix A2) plus random fluctuations (Appendix AS5) is displayed in
Appendix A6.

The graph of the first six accident years of the data in Appendix A6 is given in the
Figure 8.4.

Trends + randomness

105 1 1 1 1 L ] I 1 1 1 ) I . 4
0 1 2 3 4 5 (5} 7 8 =] 10 11 12 13 14
Development year
Figure 8.4

Note that it is not possible to determine the trends and/or changes in trends by eye or
from the age-to-age link ratios of the cumulative payments (Appendix A9). See
Appendices A7 - A9.

The incremental paid losses we have generated in Appendix A7 were generated by five
trend parameters (0,7,1,,1,,1,) and one variance (noise, randomness) parameter

o’ =0.01.

Since the incremental paid losses possess a stable trend (15%) along the payment years
from 1983 to 1991 we would expect that the estimated model will validate well and be
stable.
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8.1 Best Estimated Model

We now estimate the parameters ¥y =-0.2, ¢ =11513, 1, =01, 1, =0.3, 1, =015
of the model.

We find that the estimate of gamma is -0.2062 £ 0.0033, which is close to the true
value of -0.2. The iota estimates are 0.0873 x 0.0209, relatively close in terms of the
standard error to 0.1; 0.3927 £ 0.0442 which is within 3 standard errors of 0.3; and
0.1446 £ 0.0046 which is close to the true value 0.15.

Residuals in all three directions do not look great. There seems to be also a slight drop
in the last couple of payment years. But this is a sample you obtain when you generate
the errors randomly!

Wtd Std Residuals Wtd Std Residuals
vs. Dev. Year vs. Acc. Year
o e o— — R ==
. b4 'y .
. ° °
{2 ® e 8 1 3 ' [ ] 'Y . o
* ' * ' PS ° - *
0 : . . o] ‘
® [} 3 ° ‘ *
- z 3 o ¢ o
1 oe . o @ ' ¢ 8 L 4
® ¢ O 8 L4 PY LR 4 ° LK )
- ° A d d - ° .
° ®
T % 3 T8 & 7 &8 &35+ a5 72 78 80 81 n2 a3 As a5 As a7 as 88 60 ©1
Wtd Std Residuals Wtd Std Residuals
vs. Pay. Year vs. Fitted Values
o —— === N R — e r N
e ® _ 8 . ¢« * & .
’ s s 8 " o ) ® oo o . .
o o ° 0 A, ®o s .
. 5 ° C;! i 5#04‘ o 'o‘bo.cgfc?‘ *Ne
0 o ® o .
3 . ¢ . . 9" 8% a R
- ° ° . s ® o -t *® S0 .
. o g ° ° o . o o o
2] ® 2 ® .
* &
o 80 22 82 84 as 27 8o _a® 90 1 12 12 a 3

If you test for changing payment year trends from 87-88 or 89-90-91, even though
there is a drop in inflation (due to sampling variation), the changes are not significant.

Here is some additional analysis including forecasts and stability analysis.
Forecasting for the estimated model using all the data,

gamma (in tail) = -.2062 +.0033

iota (83-91) = .1446+£.0046

So the model assumes future inflation that has an average of 14.46% and standard
deviation of 0.46%.

Total Forecast = 23,426,542 £ 927,810. See Appendix B2 for the forecasting
table.

Compare this with the true mean of $24.8M * $292,746.
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Validation of year 1991. Here we assign weight to the payment year 1991.
gamma (in tail) = -.2075 £.0036
iota (83-90) = .1527%.0051

Note stability of gamma estimate but a slight increase in iota estimate.

The model assumes future inflation that has an average of 15.27% and standard
deviation of .51%. So now the forecast is higher, as expected.

Total Forecast = 25,333,522 £ 1,191,129. See Appendix B3.

Validation of years 1991 and 1990. Here we assign zero weight to the last two
payment years 1990 and 1991.

gamma (in tail) = -.2086 £.0042
iota (83-89) = .1512+.0064

Since parameter estimates are the ‘same’ as when validating only 1991, the forecast is
essentially the same.

Total Forecast = 24,850,972 £ 1,526,246. See Appendix B4.

Validation of years 1991, 1990 and 1989. We are now leaving much information out.
gamma (in tail) = -.2119 +.0045
iota (83-88) = .1575£.0075

Forecast is slightly higher mainly as a result of increased iota (plus increased
uncertainty).

Forecast = 26,296,366 + 1,997,089. See Appendix BS.

Payment yrs Estimate of Estimate of Forecast
in Estimation gamma (in tail) iota (since 1983) M
% %
1978-91 -20.6210.33 14.4610.46 23+0.9
1978-90 -20.7510.36 15.27+0.51 25+1.2
1978-89 -20.8610.42 15.12+0.64 25%1.5
1978-88 -21.19+0.45 15.75+0.75 2612.0
1978-87 -21.311+0.55 15.63+1.03 2612.9

It is not amazing that answers do not change significantly as we leave out years, as the
trend from 1983 is stable.
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9. Varying Parameter, Dynamic Or Credibility Models

9.1 Multicollinearity

Many of the models within the family described by equation 7.1 cannot be estimated in a
spreadsheet or any statistical package. Models that contain “many” iotas, alphas and
gammas suffer from a problem known as multicollinearity. This problem is explained as
follows:

To estimate the Ordinary Least Squares line for the simple linear regression:

yi=a+px +e, (9.1.1)
we estimate the intercept o and slope B by minimising the error sum of squares,
2
$5= (v~ )

Taking partial derivatives of the last equation with respect to o and B, and setting them to
zero we obtain:

23 (v - - x,) 9.12)
and

-2 x (v —a- fx;) 9.1.3)
Equivalently,

y-o-px=0 (9.1.4)
and

Y x,y, —nox—BY x’ =0 (9.1.5)

The two linear homogeneous equations are known as the normal equations and their
solution yields the least squares estimates of o and f.

For a model having P parameters in the DFF or SCF family, a spreadsheet (or a statistical
package) sets up P linear homogeneous equations in order to solve for P unknowns.
However, as a result of the non-orthogonality of the payment year direction with the other
two directions, some of the equations in the normal equations are redundant, e.g.,

oa-f=2
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and
20-28=4.

So, there is no unique solution.

If there are some equations that are almost redundant, e.g.,
a-f=2

and

200 -2 = 4.00001,

then the estimates will have high standard errors, so that the resulting model will be
unstable.

9.2 Overcoming Multicollinearity - Varying Or Stochastic Parameters

The phenomenon of multicollinearity associated with fixed parameter models can be
interpreted in terms of information. There is not sufficient information in one loss
development array to estimate many payment year parameters and accident year parameters
(especially, for the more recent accident years). Another interpretation is that the
independent variables in the regression are not really independent. We showed in Section 7
that calendar year trends are related to development year trends and accident year trends.

When we include another a parameter for the last accident in our model we are using one
single datum to estimate that parameter. That is, we assign full credibility to the last
accident year’s datum and zero credibility to previous years in respect of the estimation of
the additional a parameter. A better approach may be to assign some credibility to the
previous years data and less than full credibility to the last year's datum.

We are motivated to introduce exponential smoothing/varying parameter/credibility
models/dynamic models, as a result of multicollinearity. Multicollinearity can lead to fixed
parameter regression models that (i) are unstable and (ii) have large prediction errors.

If a model contains a number of iota parameters, instead of introducing more alpha
parameters (in the accident year direction), in order to adjust for remaining trends in the
accident year direction, we could exponentially smooth the alphas as described in sections
22,23 and 4.
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10. Analysis of real data

We now study a real life example given in Appendix C1. Note the incremental paid
losses are quite volatile.

The three graphs below depict the data after only adjusting for trends in the
development year direction.

Witd Std Residuals
vs. Dev. Quarter

1 1 1 i 1 1 1 i 1 1 1 1 1 1 i 1 1 1 1

Figure 10.1

Wtd Std Residuals [
vs. Acc. Quarter

1 1 1 1 1 (! 1 [l J. i 1 1 1 1 1 i 1 1 I i 1

Figure 10.2

Note the minor shifts in accident quarters 2-90 to 3-90, 1-91 to 2-91 to 3-91 and a
major shift from 1-92 to 2-92.

41



Witd Std Residuals [
vs. Pay. Quarter

Figure 10.3

After making some exponential smoothing (varying parameter) adjustments to these
accident quarters we obtain residual displays in figures 10.4, 10.5 and 10.6. The SSPE
is 135.46. If instead we add new parameters for these years the SSPE is 135.68.

So we are better off with the varying parameter model, as the additional parameters
also increase the standard errors and hence make the model less stable.

Wtd Std Residuals
vs. Dev. Quarter

Figure 10.4

vs. Acc. Quarter

Witd Std Residuals E

Figure 10.5
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Wtd Std Residuals E

vs. Pay. Quarter

Figure 10.6

NOTE THE TREND STABILITY IN THE PAYMENT QUARTER YEAR
DIRECTION

Forecasts of the total outstanding claim liabilities is
Forecast = 132,355 + 13,053.

When we leave out the last nine payment years (68% of the data), the graphs below
depict the prediction errors as at end 4-92 for the next 9 diagonals!
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Figure 10.7

It is remarkable how the prediction errors for the last nine payment quarter years are
centred around zero. Note also normality of prediction errors in Figure 10.8.
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Normality Test of

Prediction Errors

1 1

-2.‘00
N = 161,

-1.IOO
P = 0.488, RA2 = 0.9926

T
0.00

T T
1.00 2.00

Note from Table 10.1 below, that had the model been estimated at payment (quarter)
year end 4-92, the estimate of total outstanding of $121,397T + $39,018T is not
statistically different to $132,355T * $13,053T, that obtained by the model using the
experience to payment quarter year end 1-95. Indeed, the two answers are remarkably
close, especially that $121,397T + $39,018T is obtained after removing 68% of the

Figure 10.8

most recent experience.
Table 10.1
Payment years Forecast
in Estimation $000

3Q-89 t0 1Q-95
3Q-89 to 4Q-92

132,355 + 13,053
121,397 £ 39,018
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No.

10

11

12

13

14

Date

MAR 93

APR 93

APR 93

AUG 93

SEP 93

SEP 93

OCT 93

JAN 94

MAR 94

FEB 94

JUNE 94

JUNE 94
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AUSTRALIAN SUPERANNUATION :
THE FACTS, THE FICTION, THE FUTURE

AN EXPONENTIAL BOUND FOR RUIN
PROBABILITIES

SOME COMMENTS ON THE COMPOUND
BINOMIAL MODEL

RUIN PROBLEMS AND DUAL EVENTS

CONTEMPORARY ISSUES IN AUSTRALIAN
SUPERANNUATION -
A CONFERENCE SUMMARY

AN ANALYSIS OF THE EQUITY INVESTMENTS
OF AUSTRALIAN SUPERANNUATION FUNDS

A CRITIQUE OF DEFINED CONTRIBUTION
USING A SIMULATION APPROACH

REINSURANCE AND RUIN

LIFETIME INCOME, TAXATION, EXPENDITURE
AND SUPERANNUATION (LITES):
A LIFE-CYCLE SIMULATION MODEL

SUPERANNUATION FUNDS AND THE
PROVISION OF DEVELOPMENT/VENTURE
CAPITAL:

THE PERFECT MATCH? YES ORNO

RUIN PROBLEMS: SIMULATION OR
CALCULATION?

THE RELATIONSHIP BETWEEN THE AGE
PENSION AND SUPERANNUATION BENEFITS,
PARTICULARLY FOR WOMEN

THE COST AND EQUITY IMPLICATIONS OF
THE INSTITUTE OF ACTUARIES OF AUSTRALIA
PROPOSED RETIREMENT INCOMES STRATEGY

PROBLEMS AND PROS?ECTS FOR THE LIFE
INSURANCE AND PENSIONS SECTOR IN
INDONESIA
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PRESENT PROBLEMS AND PROSPECTIVE
PRESSURES IN AUSTRALIA’S
SUPERANNUATION SYSTEM

PLANNING RETIREMENT INCOME IN
AUSTRALIA: ROUTES THROUGH THE MAZE

ON THE DISTRIBUTION OF THE DURATION
OF NEGATIVE SURPLUS

OUTSTANDING CLAIM LIABILITIES:
ARE THEY PREDICTABLE?

SOME STABLE ALGORITHMS IN RUIN THEORY
AND THEIR APPLICATIONS

SOME FINANCIAL CONSEQUENCES OF THE SIZE
OF AUSTRALIA’S SUPERANNUATION INDUSTRY
IN THE NEXT THREE DECADES

MODELLING OPTIMAL RETIREMENT IN
DECISIONS IN AUSTRALIA

AN EQUITY ANALYSIS OF SOME RADICAL
SUGGESTIONS FOR AUSTRALIA’S RETIREMENT
INCOME SYSTEM

EARLY RETIREMENT AND THE OPTIMAL
RETIREMENT AGE

APPROXIMATE CALCULATION OF MOMENTS OF
RUIN RELATED DISTRIBUTIONS

CONTEMPORARY ISSUES IN THE ONGOING
REFORM OF THE AUSTRALIAN RETIREMENT
INCOME SYSTEM

THE CHOICE OF EARLY RETIREMENT AGE AND
THE AUSTRALIAN SUPERANNUATION SYSTEM

PREDICTIVE AGGREGATE CLAIMS
DISTRIBUTIONS

THE AUSTRALIAN GOVERNMENT
SUPERANNUATION CO-CONTRIBUTIONS:
ANALYSIS AND COMPARISON

A SURVEY OF VALUATION ASSUMPTIONS AND
FUNDING METHODS USED BY AUSTRALIAN
ACTUARIES IN DEFINED BENEFIT
SUPERANNUATION FUND VALUATIONS

THE EFFECT OF INTEREST ON NEGATIVE
SURPLUS

RESERVING CONSECUTIVE LAYERS OF INWARDS
EXCESS-OF-LOSS REINSURANCE
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EFFECTIVE AND ETHICAL INSTITUTIONAL
INVESTMENT

STOCHASTIC INVESTMENT MODELS: UNIT
ROOTS, COINTEGRATION, STATE SPACE AND
GARCH MODELS FOR AUSTRALIA

THREE POWERFUL DIAGNOSTIC MODELS FOR
LOSS RESERVING

KALMAN FILTERS WITH APPLICATIONS TO LOSS
RESERVING
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