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Abstract

This paper proposes a dynamic spatial panel quantile model that accounts for un-
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ables conditional conjugacy and facilitates efficient sampling, and a new Gibbs sam-
pler specifically designed to handle structural spatial parameters. We also establish
the Bayesian consistency of the proposed estimation method. Finally, we demon-
strate the practical utility of the approach through an application to the quantile co-
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1 Introduction

Spatial panel data models explore spatial interactions across individuals or regions over
time. These models have found wide-ranging applications in fields such as housing eco-
nomics (e.g., Beenstock and Felsenstein (2015)), marketing (e.g., Hunneman et al. (2022)),
and urban economics (e.g., Glaser et al. (2022)). In this paper, we introduce a novel dy-
namic spatial panel quantile model with interactive effects. This model simultaneously
accounts for spatial dependence, temporal dynamics, unobserved heterogeneity, and
heterogeneous effects across quantiles—features that are often observed in economic
and social data but rarely modeled together.

There is arich literature on linear panel models with interactive effects (e.g., Bai (2009);
Bai and Li (2014); Ando and Bai (2017); Hallin and Liska (2007); Moon and Weidner
(2015); Pesaran (2006); Stock and Watson (2002); Lu and Su (2016)) and linear spatial
panel models (e.g., Aquaro et al. (2021); Baltagi (2011); Bai and Li (2021); Kelejian and
Prucha (2004); Lee (2004); Lin and Lee (2010); Li (2017); Lu (2017); Qu and Lee (2015);
Reich et al. (2011); Shi and Lee (2017); Yu et al. (2008)). However, research on quantile
regression (see Koenker and Bassett (1978)) in spatial and high-dimensional panel set-
tings remains limited, especially for models that incorporate both interactive effects and
dynamic structures. Recent work by Ando and Bai (2020) extended quantile methods to
panel data with interactive effects, capturing quantile co-movements while allowing for
heterogeneous slope coefficients. However, their model does not accommodate dynamic
and spatial dependencies in quantiles.

Spatial interactions and temporal dynamics are fundamental features of economics
and the social sciences. Spatial dependence may arise from peer effects, spillover effects,
or imitative behavior (see Manski (1993); Anselin (1988), among others), while temporal
dependence often reflects persistence in individual or group behavior over time. To cap-
ture these complex features, we propose a dynamic spatial quantile panel model with in-
teractive effects. This framework facilitates quantile-specific analysis of both spatial and

temporal dependence, accommodates heterogeneous slope coefficients, and incorpo-



rates latent factor structures. Due to the model’s high-dimensional parameter space—driven
by the dynamic structure and large number of cross-sectional units—we develop a new
Bayesian Markov Chain Monte Carlo (MCMC) estimation method tailored to this setting.

Methodological challenges: Several methodological challenges arise in the estima-
tion process. First, because the quantile function is defined implicitly in terms of its co-
efficients, a conventional Gibbs sampler is not directly applicable. To overcome this, we
introduce randomised quantile dynamics that create conditional conjugacy, allowing for
efficient sampling. Second, the spatial autoregressive parameter is structural in nature
and does not permit a standard Gibbs step. Inspired by methods in structural vector au-
toregression, we construct a bimodal mixture distribution to incorporate this parameter
within our MCMC framework. Finally, to alleviate the computational burden from high-
dimensional matrix operations, we apply a breadth-first search algorithm from graph
theory to block-diagonalise the spatial matrix, thereby significantly reducing computa-
tional complexity. These methodological innovations enable our MCMC algorithm to
efficiently estimate large-scale dynamic spatial quantile panel models with latent factor
structures.

Theoretical Challenges: To establish the validity of our Bayesian approach, we prove
Bayesian consistency—a theoretical result not previously achieved for panel data models
with interactive effects. This requires overcoming several substantial hurdles: the dy-
namic structure of the model, high-dimensional incidental parameters from latent fac-
tors and their loadings, the nonsmooth nature of the quantile objective function, the non-
linearity introduced by the spatial term, and the rotational indeterminacy of the factor
structure. Although recent work (e.g., Ando and Bai (2020); Chen et al. (2021)) addresses
some related issues, their results are not applicable to our setting. Consequently, we first
derive new asymptotic properties within a frequentist framework (see Remark 7), which
we then build upon to develop our Bayesian theory. Even with these foundations, our
model demands additional theoretical innovation to rigorously establish Bayesian con-
sistency.

Our contributions are summarised as follows. First, we introduce a dynamic spa-
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tial panel quantile model with interactive effects, designed to accommodate key fea-
tures such as spatial dependence and temporal dynamics. This specification enhances
the model’s flexibility in capturing complex data patterns. Second, we develop a novel
Bayesian estimation procedure tailored to high-dimensional parameter spaces. Third,
we establish several asymptotic properties, including Bayesian consistency. Finally, we
demonstrate the utility of our framework through an empirical analysis of the Australian
gasoline market.

The paper is organised as follows. Section 2 introduces a new dynamic spatial panel
quantile model with interactive fixed effects. Section 3 outlines the proposed Bayesian
MCMC estimation procedure. Section 4 establishes the Bayesian consistency of the method.
In Section 5, we apply the proposed approach to the Australian gasoline market. Section
6 concludes the paper. To conserve space, all technical proofs are provided in the on-
line supplementary material. The supplementary document also includes Monte Carlo
simulation results, which demonstrate the effectiveness of the proposed estimation pro-
cedure.

Notations: Let ||A|| = [tr(4’A)]'/? be the Frobenius norm of matrix 4, where “tr” de-
notes the trace of a square matrix, and let || A||; be its spectrum norm (the largest singu-
lar value of A). In addition, for any N x N matrix ||A||; is defined as ||A|; = max;<;<n
>, laij| where aj; is the (i, j)-th element of A. Similarly, || Al| = maxi<i<y 3+, |y For
sequences a,, and b,,, the notation a,, < b, meansa, = O(b,), thatis, there exists C' > 0 and
for all n large enough, a,, < Cb,,. We write ¢,, = O,(d,) if ¢, /d,, is stochastically bounded,

and ¢, = o,(d,) if ¢, /d,, converges to zero in probability.

2 Dynamic spatial quantile models with interactive effects

Suppose that, for the i-th unit (: = 1,..., N) at time ¢ (t = 1,...,T), its response y;; is ob-
served together with a set of p explanatory variables {z;.1, ..., z;,}. We consider the 7-
th quantile function of y;; by jointly modeling spatial effects, time effects and common

shocks. To capture these effects simultaneously, we define the 7-th quantile function of
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fori =1,...,Nandt = 1,...,7. Here w;; (i = 1,2,--- ,N;j = 1,2,--- ,N) are pre-
specified spatial weights with w; = 0, p; , and ¢, , are the heterogeneous spatial param-
eters capturing the strength of the spillover effects, the coefficients ~; , are the hetero-
geneous temporal parameters, x;; = (1,z1,...,%4,)" iS (p + 1) -dimensional vector of
explanatory variables; B, = (b1 ,,ba,,...,bx,), bir = (bior,bitry .oy bips) is@ (p + 1)-
dimensional vector of regression coefficients; f, = (fur, ..., fu,r)" is 7--dimensional
unobservable common factors; A; . = (Ai1r, ..., \ir, -)’ i r.-dimensional vector of factor
loadings; X; and F} , are information on the explanatory variables and the common fac-
tors up to time ¢. The exact expression of «/,b; , is

p
xib; . = Z Tit kbik + + G;elit (1), (2)
k=1

where e;; is the idiosyncratic error term and G, elit (1) is the 7-th quantile point of ¢;; with
Gi.,(-) being the cumulative distribution function of e;;. Thus, the 7-th quantile of the
idiosyncratic error G; (7), which depends only on i and 7, is absorbed by the term x/,b; -
since the first element of ;; is 1. We assume that ¢;, is identically distributed over ¢ while
its distribution may vary over i.

The preceding quantile function (1) is associated with the following data-generating

process, provided that the right-hand side of the equation is an increasing function of u;,

N N

— / !
Yitus = Pisus E WijYjt s T Vi Yit—1 s T Oiusy § WiiYit—1us + Cibiusy T Lo, N
=1 =1

where vy;; .., is 7 = u;-th quantile and u;; are i.i.d. U(0, 1). The coefficient of the constant

regressor absorbs the error term. As seen, we integrate spatial interactions and temporal
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dynamics into a model, which allows for both contemporaneous and dynamic spatial
effects, thereby enabling the capture of temporal spillover effects and peer influences in

the spatial domain.

Remark 1 Koenker and Xiao (2006) considered autoregressive quantile model in the con-
text of univariate time series. Their quantile function is expressed as a weighted sum of
past observed values of the response variable. While their model is regarded as autoregres-
sive in this sense, the quantile function itself is not autoregressive. In contrast, our quantile
function in (1) includes a weighted sum of past quantile functions, making the quantile

itself autoregressive, or dynamic.

Define the N x N matrix S(p,) = (I —p, W)~ !, where p. = diag(p1.r,...,pn.), and W =
[w;;] is the N x N spatial weights matrix. Also, we define the N x N matrix A(p,,d.,v,) =
(I — p,W) Yy, + 6, W) where §, = diag(d1+,...,0n.), ¥, = diag(71.r, .- .,7n~)- Stack the

quantile functions over cross sections by defining

let (T|Xt7 E,Tj BT, A7—7 P s 57_)
Qt(XtaFt,TaBTaATypT,’YT,57-> = E
QyNt (T‘Xta Ft,T) B, A7—7 PrsVrs (57-)

By recursive substitution, model (1) can be rewritten as

t—1 xy b1+ f:f—h,TALT
Qt(Xt7Ft,TyBTaAT7p7—7P)/7—75T> = Z'Ph(p'r?(sT?PYT) : )
h=0 Ty nbne + Fion AN

where the N x N matrix P, (p.,d.,7.) is given as

Pu(p;,0:,7.) = Alp,, 87,7,)"S(p,). 3)

We will impose restrictions on (3) to ensure the sum to be well defined (referred to as
stationarity). In addition, we assume Q,(-) = 0 when ¢t = 0. The effect of the initial
condition is generally negligible if 7" is large. Thus, an alternative expression of (1) is

t—1 N

Qyjt <T‘Xt7 BT7 Ft,T; AT7 p7-7 77-7 6T> == Z ijk,h(pT7 67’7 PYT) (a:?g’tfhbk,T + .f:‘/fh’TAk‘,T) 9 (4)

h=0 k=1



where p;; ,(p-, d,,7,) is the (4, j)th element of P,(p,,d,,7v,) in (3).
To eliminate the rotational indeterminacy of the common factor structure, we need
to impose a restriction on F;, = (f, ,,..., fr,) and A = (Ay;, ..., Ax;)". For example, Bai

and Li (2013) imposed the followings

1
—F'F. =1,

1
T and NA;.AT = DT7—7 (5)

.

where /. is an r, x r, identity matrix, and D, is a diagonal matrix whose diagonal ele-
ments are distinct and are arranged in a descending order. We refer to Bai and Ng (2013)
for alternative restrictions on the common factor structure.

We have to estimate the unknown parameters p_, v,, d,, B., A, and F, simultane-
ously. Let 9, = {p.,d.,v,, B,, A;, F.}. The frequentist estimator can be obtained as the

minimiser of the following objective function

1 N T
G(Y|X, ;) =N—§::Z (i = Q. (71X4.07)) (6)

where Q,, (7| X:,Y,) = Qy, (7| X, Firy, By, Ary pry ., 0-) is defined in (1), ¢, (u) = u(r —
I(u < 0)) is the quantile loss function, Y = {y|i = 1,..., N,t = 1,.... T} and X = {x,|i =
1,..,N,t=1,..,T}.

3 Bayesian estimation

In this paper, we employ Bayesian MCMC sampling procedure to produce posterior sam-

ples from the posterior distribution
T(0,]X,Y) oc exp (= (Y| X, 9;)) 7(9,), (7)

where 7 (1), ) is a prior density of the parameter ... Details of 7(¢,) are given below.

The quantile structure in (4) is a highly nonlinear function of parameters p_, v, ., and
B.. Such nonlinearity costs the conditional conjugacy for inference, rendering the ideal
Gibbs sampling infeasible. Simple methods such as the Metropolis-Hastings might be

very inefficient due to the large number of parameters. For example, in our application,



the dimension of the parameter space is greater than 44,000. In this paper, we propose
to randomise the quantile equation to adapt to the Bayesian inference framework. In
particular, we set

Eit,r = Yit — Qyit<T|Xt> V7)), (8)

N N
Qitr = Pir Z Wi Qjtr + VirQip—1,r + 0ir Z Wi Q1. + b s + fQ,T)‘i,T + e;’]t,r‘ (9)
J=1.5#1 j=1,j#i

In the Bayesian framework, it is commonly assumed that ¢;; , in (8) has an Asymmet-
ric Laplace distribution (ALD): p(gi, | 7,0) = @ exp(—%“‘)). The Gibbs sampling
method of Kozumi and Kobayashi (2011)uses a scaled mixture representation of the ALD.
Under this representation, the conditional density of y;;, given the auxiliary variable V};,

is expressed as normal:

pWit | Xi, 0z, Vig, 0) o 202, T ; (10)

where V;; ~ Ezp(1) and o is the temperature parameter to facilitate Bayesian inference.

We denote Q,,, (7| X;, ;) as Qi in (9), and e}, . ~ N(0,07 ). Note that e;, in (2) and

it, T

- ( (Yie — Qua (71X, 07) — %"‘/Z‘W)
o

el _in (9) are different. The introduction of ¢, _ is the randomisation that allows to treat

it T it,r
the quantile values as a latent variable to augment the parameter space. Without ¢f, _, the
Qi 1s a deterministic function of ¥, in (9) and hence cannot be treated as conditioning
parameters. Consequently, the pseudo posterior kernel (7) will be a complicated function
of ¥, making posterior computation burdensome, particularly in high-dimensional set-
tings. By introducing the randomised component ¢, , the process Q- gains variability
and can be considered part of the augmented parameter space. This randomisation en-
ables efficient Gibbs sampling by allowing the conditional distributions to take tractable
forms. In this way, equation (9) plays a key role in making Gibbs sampling computation-

ally feasible. See also our discussion in Remark 3.

3.1 Prior setting

We apply the same prior to the parameters for each quantile 7. So ignore 7 for notational

simplicity. The parameter space includes:



1. Anormal prior is used for the lag parameter v, ~ N(m.,, h;l), 1=1,2,...,N.

2. Anormal prior is used for the spatial lag parameter 6; ~ N(ms, h5'), i = 1,2,..., N.
3. A multivariate normal prior is used for b, ~ N(my, H; '), i = 1,2, ..., N.

4. Anormal prior is used for the spatial parameter p; ~ N(m,, h;l), i=1,2,...,N.

5. For the common factor, we assume a stationary AR(1) process as f;; = ¢; f; -1 + 65) o
for j = 1,...,r, where e£ . ~ N(0, 1) with a unit variance for identification purpose.
Each eji . is independent over j and ¢t. Also, we assume the initial condition f;; ~

N(0,h7'), forj=1,..,r.
6. For the autoregressive coefficient, we set ¢; ~ U(—1,1), j =1,...,r.

7. For the factor loading \;;, we use a normal prior: \;; ~ N(0,h,"'). The first r x r
block is a lower triangular matrix such that \;; ~ N(0,h,")1(\; > 0) fori = 1,...,7,

8. Gamma prior o ~ G(v,, S, ) is used for o in the asymmetric Laplace error term.

Remark 2 In addition to ), in the model (1), the Bayesian parameter space also has auxil-
iary variables 9. = {Q.,V, ¢,0}, whereV and (). are the collections of Vi, in (10) and Qi -,

respectively. Denote the corresponding posterior as
p(0,,9 | X,Y) x p(Y|X,9,,V,o)n(d,)r(I) (11)

wherep(Y | X,9.,V,0) = TLL, [T, pwar | X, 9x, Vi, 0) with p(ys | X, 9-, Vi, 0) given in
(10), and 7 (V) is a prior density of V.. The concentrated posterior for comparison with
the frequentist parameter set is defined as p(9 | X,Y) = [p(¥,9 | X,Y)d¥. Although
p(¥ | X,Y) hereand (¥ | X,Y) in (7) are different, Proposition 1 in Section 3.2 below
ensures that our MCMC posterior samples generated from p(V | X,Y) can be regarded as

those generated from (Y | X,Y') through the importance sampling procedure.



3.2 MCMC sampling procedure

We briefly describe the procedure in this section, with detailed techniques available in
the Appendix. The computational challenge of our model arises from three main fac-
tors. First, the high dimensionality of the quantile values and their associated dynamics
require a significant number of large matrix inversions. Second, due to the substantial
heterogeneity in the model, generic methods, such as Metropolis-Hastings or particle
filters, face high computational cost. Finally, the large dimension N and time period T’
result in a vast number of observations, further intensifying the computational burden.
Consequently, our methods are designed to rely on the Gibbs sampler whenever possible.

The Markov Chain Monte Carlo (MCMC) algorithm for posterior inference proceeds
as follows. Each step is performed conditionally on all other parameters. For clarity, sub-
scripts are omitted, and we present the key elements below; full details are provided in

the supplementary material.

Loy~ N(mw,ﬁ;l),where E% = hv+0;2(w?)/w: andm,, = E;l(h7m7+a(l_2(mf)’yf), y; =

Wi, - yi)s ®f = (5, mip) v = Qu — [pi Zj:l,j;ﬁi w;Qjt + 0; Zj:l,j;ﬁi WiiQj—1 +
xi,b; + fixi| and z}, = Q; 1.
2. 0; ~ N(maiﬁ;)y where hs, = hs + o, *(x}) x; and T, = E;L_l(h(;mg +o0.%(x})y)), vy
N

and z; are the stacking of y;, and =}, respectively, with y;; = Qi —[pi > ;2 j; wi; Qe+

. N
ViQig—1 + b + fiX\] and a7, = Zj:l,j;éi Wi Q1.

3. b, ~ N(m,,, H, ), where H, = H,+0,%(X;)X; andm,, = H,, (Hym,+0,2(X7)'y}).
The vectors y; and matrix X are the stacking of 3}, and z/,, respectively with i}, =

Qit — [P Y0y s Wi Qi +7iQim1 +0: gy oy wig Qa1 + f1 A -] while 2y, is the data.

4. p;does not have a conjugate representation, p; is a structural parameter from a high-
dimensional simultaneous equations system. We propose to draw p; from a two-
component mixture normal distribution p; ~ w; N (1, 0%) + (1 — w;) N (s, 03;) to
approximate the posterior p(p; | -), as being inspired by Villani (2009). The mixture

weight w; and parameters py;, us;, 03;, 03; are detailed in the Supplement Al.
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5.

The factor f, has a state space representation. The measurement equation is y; =
Af+efwithe! ~ N(0,0%Iy), where y; = (yi;, ... yi,) With g = Qu—[pi Y0y s wiy Qe+
YiQi1—1 + 0 Z;V:L#i w;; Q-1 + xl,b;]. A is the matrix of \;; with the top r x r sub-
matrix being lower triangular and positive diagonal elements. The state equation is
fi=9f,_1 +u withu, ~ N(0, I;), where ® = diag{¢, ..., ¢, }. We apply the forward

filtering and backward sampling method to draw from its posterior.

6. A truncated normal can make a draw of ¢; | - ~ N(m¢.,5;_1)1(\¢j\ < 1), where

8.

9.

10.

Zt Qf]t p and my,; = (Zt o fialit— 1)/(2?:2 - ) forj=1,.

A is conditionally Gaussian with simple triangular identification restrictions. For
i < r, denote it as 3, = (N, ..., i) with \;; > 0; otherwise, we randomly draw a
vector of length r and denote it as 3, = (A, ..., Ai)’. The conditional distribution
of B, can be summarised in a linear regression as y7 = X3, + e}, where y is the
collection of y, = Qi — [0 S0 ;i wii Qe + ¥iQin—1 + 0 Yoty iy Wi Qi1 + Tybi]. If
i <r, X; is the first : columns from the matrix of factors ', otherwise, X} is simply
the full /' matrix. We draw 3, from N (m23,, ﬁ[;il), where Hg, = Hg, 4+ 0,%(X;)'X; and
mg, = F;(JJQXZ-*)’y;‘. The Hp, is implied by the prior of A.

We apply a Metropolis-Hastings algorithm to sample o based on y;; = Q;;+¢;, where
git ~ ALD(T,0).

We sample V;; by V;; = 27! with # ~ IG(u, \), where IG means inverse Gaussian
with = /S 5 = S with ¢, = 22206 = | /o2

The Q, has a state space representation. The state equation is Q, = BQ,_; + X; +

ul with uf ~ N(0,%), where A = (I — pW)™, B = (I — pW) (v + W), X; =
(I = pW)~' ([zb); + Af,) and ¥ = 07 AA’. The measurement equationis Y, = Q, +
u; + u/, where w, is the vectorisation of {u;; = &0V, and uf ~ N(0, D,) with D, =
diag(£30*Vay, ..., E20%V,). We apply the forward-filtering and back-ward sampling

method.
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Proposition 1 The proposed MCMC sampling procedure, using equation (9), can generate
posterior samples from the distribution ©(¥, | X,Y) in (7) through an importance sam-

pling procedure.

This section obtains the “pseudo” posterior p(¢,|X,Y’). The exact posterior 7 (9| X, Y)
in (7) can be built through importance sampling. Our simulation study demonstrates that
this computationally efficient MCMC approach yields satisfactory results. For example,
consider to compute the posterior expectation of ¢(1),) with ¢(-) being a known function
of v:

Ela(:) | X.Y) = [ a(0.)7(0. | X,Y)do.
We can use the importance sampling:

S q-) B (9, | X, Y)dd,

pK(ﬁT|X7Y

T (0| XY
PP | X, Y)di,

where i (9, | X,Y) and px (9, | X,Y) are the kernels of 7(9, | X,Y) and p(9, | X,Y),

E[Q(ﬁT) | X, Y] =

respectively. Because we have a set of posterior samples from p(9), | X,Y’) and the kernels
are easy to compute, the posterior expectation of ¢(v,) can be obtained without having
m(Y; | X,Y) directly. Appendix E.3 in supplementary document demonstrates Proposi-
tion 1 through a small Monte Carlo simulation.

Note that computing the posterior kernel p(J, | X,Y) can be computationally ex-
pensive. However, after obtaining a sample using our method, it remains feasible, as
the importance sampling process is parallelisable. A key aspect of successful importance
sampling is having a good proposal distribution, and our method plays a critical role in

ensuring that the posterior distribution is precisely targeted.

Remark 3 This section provides a sufficient approach, particularly when o7 is tuned for
robustness. An alternative way to address the computational burden in the importance
sampling is to let 0} — 0 as the number of MCMC sampling increases. Then, we can have
the posterior converging to the true posterior densityn (v, | X,Y). As aresult, after a certain
number of MCMC iterations, the generated sample from p(v, | X,Y) is regarded as the

sample from the true posterior density n(v, | X,Y).
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3.3 Number of Factors

In Bayesian theory, the number of factors can be viewed as a random variable. Its pos-
terior can be inferred from by exploring the marginal likelihood of models with different
value of r. However, because of the high computational cost, we adopt the idea of the
sparse mixture approach if Malsiner-Walli et al. (2016) by setting a large but finite number
of factors. Each factor has a “switch” variables taking value of 0 and 1 indicating whether
the corresponding factor is selected. This construction follows the literature of stochastic
search variable selection dated back to Mitchell and Beauchamp (1988).
In particular, we revise (9) to have

N N
/ / q
Qi =pir Y WiiQj+ YisQiso1 +0ir Y wiQjuo1 + Tybir + (80 F, ) Nir + €,
J=1j#1 j=1,5#1

(12)
where s, is a ., X 1 vector of 0’s and 1’s and the symbol o means the Hadamard prod-
uct. The maximum number of factors is 7,,.,. Each element s; ; in vector s, controls for
whether factor f; ; is selected.

Define the prior of s, = (S1.+, ..., Sypar) @S
P(sj;=1)=m, P(sj,=0=1—-7

for j = 1, ...,rmax. The posterior distribution of the number of factors is the distribution
of the sum of s..

Because the only difference between (9) and (12) is s, we only need to add one more
step for s,,, and revise the step of F slightly in the original MCMC algorithm to infer the

number of factors as follows.

1. Draw s, from a simple Bernoulli distribution. Define

N N
Yir = Qit— | pir Z Wi Qjt + VirQig—1 + dir Z WijQj—1 + Tiybir + (8- 0 Fr ) Nir

J=1,j#1 j=1,j%#i

N T
p(ser =m | ) o p(sir =m) [ [T] fv(wic 10,09,

=1 t=1
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where m = 0 or 1, with the corresponding s , being set to 0 or 1. There is a slight

abuse of notation. Namely, v}, is different when s, , = 0 and 1.
2. To draw f, ,, we split this into two parts.

(a) Only draw the active factors for s, = 1.

(b) Conditional on the active factors, draw the other factors similar as in the MCMC

step. This approach follows the Reversible jump MCMC method in Green (1995).

Remark 4 In practice, we tune o, to control an R* level from (9) or (12). Alternatively, if
we do not tune but want estimate ag we can monitor the R? instead. For a high R* (in
our application more than 98%), the parameters can be used as if they were drawn from
the true posterior of the model. Alternatively, one can use the posterior sample from this
model setting as a proposal distribution for an importance sampling scheme applied to

the original model. Because the importance sampling is parallelisable, such second stage

computation is much more affordable than any generic methods.

4 Asymptotic results

To provide a theoretical justification for the Bayesian method, this section presents re-
sults on posterior consistency. A sequence of posterior distributions is considered con-
sistent if, as the length of the time series and the number of cross-sectional units in-
crease, the posterior converges to the degenerate measure at the true parameter value
of the population density. Intuitively, posterior consistency ensures that the information
from the quantile objective function outweighs the prior information. Before analysing
the asymptotic behavior of the posterior distribution, we first need to examine the aver-
age consistency of the frequentist estimator. This is necessary to establish a set of proper
conditions (conditions that have not yet been fully explored) that guarantee the conver-

gence of the estimated model to the true population density.
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4.1 Assumptions

Below, we denote the true spatial parameters, the lag coefficients and the true regres-
sion coefficient as p; .-, 40+ Vio- and b, ,, respectively. Similarly, we denote F;,, =
(f1.000 - fro.) and Ao = (Aio7, .., Ano7) as the true factors and loadings. A set of

regularity conditions that are needed for theoretical analysis are given as follows.
Assumption A: Common factors

Let 7 be a compact subset of R"7. The common factors f, , . € F satisfy 7" Zle FrorSior=
I,..

Assumption B: Factor loadings, the lag coefficients and regression coefficients

(B1) Let P, D, G be compact subsets of R, and let B and £ be compact subsets of R*™! and
R, respectively. The spatial parameters p; . and d,, ., the lag coefficients v, .,
the regression coefficient b, -, and the factor-loading A, , satisty that p,o, € P,
Sior €D, vior €G,big, € Band X, € L for each .

(B2) The factor-loading matrix Ao, = (A1, ..., Ano,) satisfies N1 o8 X A, &
YA, Where ¥, _isanr, x r, positive definite diagonal matrix with diagonal elements

distinct and arranged in the descending order. In addition, the eigenvalues of X,

are distinct.
Assumption C: Idiosyncratic error terms

(C1): The random variable

5it,~r = Yit — Qyit <T|Xt> Bﬂ'a ft,q—v AT, Pr; 57-,’77.)

satisfies P(e;;, < 0) = 7, and is independently distributed over i and ¢, conditional
on Xy, By, For-, Moy Po,rs do,- and Yo,r:

(C2): The conditional density function of ¢, - given { Xy, By ;, Fo -, Ao7, P -, G075 Yo+ }» d€-
noted as g;.(g,1,-), is continuous. In addition, for any compact set C, there exists a

positive constant g > 0 (depending on C) such that inf.cc git(c) > g for alli and ¢.
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Assumption D: Weight matrix

(D1): W is an exogenous spatial weights matrix whose diagonal elements of W are all
zeros. In addition, W is bounded by some constant C for all N under ||-||; and || ||o-
(D2): The matrix (Iy — p,W)~" satisfies sup, p [|[Iv — p,W|2 < C, and

([ - 1
prEP

i pan] ) <

o0

where C' is some positive constant.

Assumption E: Explanatory variables and design matrix

(E1): For a positive constant C', explanatory variables satisfy sup,, ||x;|| < C almost surely.
(E2): Denote Q; . = Q:(X, Fyo+, Bor, Mors PorsYors 90,r)- Let X(By ) be an N x T matrix
with its (¢, t)-th entry o], b .. Define u;; o, to be the (7, ¢)th element of U, , with

Uor =W (I — po W)™ X(Bos) + Mo By + (Yo, + 00 W)Q2 |

N
where le,T = [QB,TJ (1),7'7 s 7Q%—1,T]' Let Zity = (uit,(),’m Q?,tfl,‘r? Zj:l wijQ?,tfl,ﬂ w;t)/
with @7, , being the i-th element of Q} |, and Z; . = (21 +, zi2r, - - ., Zir,+)'. Further
define A;; = 72 . Mr,Z;;, Bir = (Nip:No,) ® I, Cir = J=[Xior @ (Mp, Z, ;)]

with M = I — F,(F'F,)"'F'. Let F, be the collection of F, such that 7, = {F} :
F'F./T = I,_}. We assume that with probability approaching one,

) 1
it v [ ] 20

where A, (A) denotes the smallest eigenvalue of matrix A4, and E, .(F,) = B, . —
Cl A Cir.

(E3): For each 7, we assume that there exists a constant ¢ > 0 such that for each 7, with

probability approaching one,

1
lim inf Apin (-Zg My, Z, ) > c.
T—00 T © ’ ’
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Assumption F: Stationary condition

The data generating process from (1) is assumed to be stationary. To ensure the station-

arity, it is assumed that ¢ < 1 where

c= sup
pr€P,6:€D v €G

Amax (A(pﬂ&m)ﬂ <1

where \,.x(A) denotes the eigenvalue of A with the largest modulus.

Remark 5 Assumptions A and B on the factors and factor loadings are standard in factor
models. Similar to Ando and Bai (2020), the factors and factor loadings are treated as pa-
rameters. Assumptions C and D on the idiosyncratic errors and the spatial weighting ma-
trix are standard assumptions in the literature. Assumption E is necessary for deriving the
consistency of the frequentist estimator (See Ando and Bai (2020) for similar assumptions).
Assumption F is a stationary condition similar to Yu et al. (2008). Similar to the investiga-
tion in Yu et al. (2008), a sufficient condition for Assumption F issup ||A(p,, 6-,7.)|2 < 1.
The stationary condition is verified accordingly in both simulation and empirical analysis.
Now, we investigate the consistency of the frequentist estimator, defined as the min-
imiser of (6) subject to a normalisation condition. Recall ¥, = {p.,d,,~,, B-, A, F;}, and
U, = {p,, 8,4, B;, A, F,} denotes the frequentist estimator. A set of assumption A-F

leads to the following result.

Theorem 1 Suppose that the number of common factors in (1) is correctly specified. Under
Assumptions A-E log(N)/T — 0 as N,T — oo, the frequestist estimator is the consistent

estimator for their true values in the sense that

N N
1 . 1 .
N Z ||pi,T - pi,T,0||2 = Op<5J2VT)7 N Z ||7i,7' - '71',7',0”2 = OP(5]2VT)7
=1 i=1
1 - 1 .-
= D i = ol = Oy (01, 5 2 lbir — biroll” = 0,(5%).
i=1 i=1
1 PN
WHAT ’T/' - A770F7/'70||2 = Op(5]2VT)- (13)

).

where Sy = max(\/LN,

Sk
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Remark 6 The last claim || A F. — A, oF! o ||? = O,(6%r) further implies

N

1 ~

N DX = Aol = Op(6%7), Z 1Fer = Frroll® = Op(037).
=1

Remark 7 The structure (4) indicates that the quintile function at time t is expressed as
the sum of the previous quintile functions up to timet — 1. This created a difficult tech-
nical challenge to establish the claims in Theorem 1. More specifically, as an intermediate
result, the technical proof of our Lemma 2 (in the supplementary document) establishes
% Zf\; ‘|<Ei,r—¢i,r7o||2 = 0p(1), Where@,r,o = (Pir,01 Yi;r,05 0iyr,04 b;,f,o)/: &i,r = (Pi,r Yirs Si,ra i)fm),
This result was not available from previous studies (Ando and Bai (2020), Chen et al. (2021))
due to the static nature of their model. This illustrates one of the key challenges when we
establish Theorem 1.

The next theorem also plays an important role when we investigate the consistency of
our Bayesian MCMC procedure. Theorem 2 implies that it is ideal to set the number of
common factors equal to or greater than the true number of common factors when one’s
focus is the consistent estimation of parameters p,, §,, v, and B,. To obtain the claim,

we need additional assumption.
Assumption G: Identification of B, for over-fitted model

Let F, (k) be the common factor matrix with £ > r and r being the true number of com-

mon factors, Z.(¢,) be the N x T matrix with its (i, ¢)th entry equal to zj, ¢, ., where

¢, = (D1 G9rr -, On,) and @, . = (pir, Vi 0ir, b)) Here z; ; is defined in Assump-
tion E.2. There exists a positive constant ¢ > 0 such that with probability approaching

one,

N
1
inf M M 2> 56— E Ik
FT(k),FT(kl)I/lF (k)/T=Ix NTH AOT (¢7—) Fr(k)H = CN - H(pm—” )

where My, =1 — Ao (Ay,Nor) " AG

Theorem 2 Suppose that the specified number of common factors in (1) is larger than the
true number of common factors. Under Assumptions A-G, log(N)/T — 0as N,T — oo, the

corresponding frequestist estimator still satisfies the claims in (13).
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Now, our concern is the sequence of posterior distributions 7 (¥, |Y, X) constructed by
the size of T x N panel data, generated from the true density f(Y'| X, 9,). In this paper,
we show that the constructed posterior forms a Hellinger-consistent sequence. In regards
to the posterior consistency based on Hellinger distance, we refer to Barron et al. (1999),
Ghosal et al. (1999), Walker and Hjort (2001).

Recall the pseudo-likelihood based density function:

N T
1
f(Y‘Xa 197') X exXp _W ; tzlq%,f(f&‘r) )
where ¢, (V) = ¢ (yie — Qu, (71X, Firy BryAry pry7Y-, 07)). We establish Bayesian consis-
tency under the pseudo-likelihood f(Y'|X,¥,), in the sense that, for any u > 0,

TN, T,T ({197' : H(f(Y|Xa 197)7f(Y|Xa 197’,0)) > :U“}) — 0 as N7T — 00, (14)

where 9, is true value of 9, 7y 1, (-) is defined as

JYIX,9,)

L FYIX, Un0) 1970 7 (V) ddr

7TN,TT

where A C O is the subset of parameter space O, and for two density functions h(y) and
g(y), the Hellinger distance is defined as H(h,g) = {[(4"/2(y) — h*/2(y))d(y)}". To obtain

the result in (14), we need an additional condition.
Assumption H: Kullback-Leibler property

Let K. (V. 0) be a Kullback-Leibler neighborhood of ¥ , such that ¥, satisfies

[ 08U (Y1X,020) (Y X 0} F(VIX, 0r)aY <

Then, the prior density 7(¢,) assigns positive mass on all Kullback-Leibler neighbor-
hoods of the pseudo-likelihood based density under the true value f(Y'|X, 9.), 7(K,(00)) >
0.

Theorem 3 Under Assumptions A-H, as N, T go to infinity with N/T — 0, then result (14)
holds.

19



When Bayesian consistency is considered important, the above theorem offers guid-
ance for designing an appropriate prior distribution. The prior distribution discussed in
Section 3 is specifically constructed to satisfy Assumption H. As a result, we expect that
the posterior mean under our prior will converge to the true parameter values as both N

and 7 tend to infinity. This expectation is confirmed through our simulation study.

Remark 8 A common question is about the asymptotic properties of the posterior distribu-
tion regarding the number of common factors in our MCMC procedure. When the number
of common factors is strictly smaller than the true number, there exists a positive constant
such that the expected quantile loss is larger than that under the true number of common
factors. As aresult, our MCMC procedure asymptotically eliminates posterior samples with

r smaller than the true number of common factors as both N and T tends to infinity.

5 Analysis of gasoline price

We apply our method to the fuel prices reported by retailers in Queensland, a state lo-
cated in the northeast of Australia. In Queensland, an aggregation system for fuel price
reporting has been established under Section 4 of the Fair Trading (Fuel Price Report-
ing) Regulation 2018.! As a result, all fuel retailers in Queensland (including all fuel sta-
tions) are required to report their fuel prices as part of the Queensland fuel price reporting
scheme, which helps motorists find the cheapest fuel prices. This requirement has been
in effect since 3 December 2018. The data is publicly available at https: //www.data.qld.
gov.au/dataset/fuel-price-reporting.

Figure 1 (a) shows the locations of these stations across Queensland, as well as their
brands.? In total, there are 1011 registered stations in Queensland. Figure 1 (b) displays
the locations of fuel stations in Brisbane, the capital city of Queensland, along with their
respective brands. It is evident that many stations are situated close to one another, par-

ticularly in the municipal area.

ISee https://www.epw.qld.gov.au/about/initiatives/fuel-price-reporting
2The brand small aggregates the smaller brands with fewer than 5 stations.
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Figure 1: Maps of fuel stations: (a) Queensland, (b) Brisbane.

5.1 Data

We analyse unleaded gasoline, as in Pinkse et al. (2002), because it has the largest market
share and is nearly a homogeneous product. Our data spans from February 1, 2019, to
September 30, 2021, with a total of 7' = 973 days and no missing values. This sample
includes five lockdown periods in Queensland during the Covid-19 pandemic.

Figure 2 shows the average fuel prices for each brand over time, revealing clear sea-
sonality. The significant drop in fuel prices in 2020 corresponds to the longest lockdown
period, from March 26 to the end of April. Additionally, when aggregating over time, Fig-
ure 3 highlights the price heterogeneity across brands.

In the following analysis, we exclude small brands with fewer than 5 stations and sta-
tions located on islands. After this cleaning process, we are left with N = 946 stations.
Throughout the sample period, no new stations were built, nor were any stations decom-
missioned. While some stations changed brands, we account for the brand effect in the

estimation.
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Figure 2: Average price by brands over time
The price unit is 1/10 cent per liter. Namely, 1200 means 1.2 Australian dollar per litre.

5.2 Empirical model specification and estimation

For the term «/,b; , in (1), we apply the following empirical specification:

! .
witbi,‘r = COVldt X bcovid,i,T + Brandit X bbrandit,r + Yeart X bYearit,T + Montht X bMonthit,T

+ Day of Week, X bpayotweek,,,r + Gi_,elit (1) (15)

In the above equation, the subscript i refers to fuel station i, and ¢ represents time
(day). The independent variables in this model include several time effects: Year,, Month,,
and DayofWeek,. The year effect captures any overall trend, while the month and day-of-
the-week effects capture explicit seasonal variations. Each station 7 has its own parame-
ter for these time variables. For instance, the effect of the year 2021 differs for station 1
compared to station 2.

The brand Brand;; dummy variables capture the brand effect. Note that some stations
changed brands during the sample period, which is why a double subscript is used for
this variable. We include all brand dummy variables and exclude the intercept for identi-

fication purposes, so the station-specific effect is naturally incorporated.
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Figure 3: Average price by brands

The variable Covid,; is a dummy variable that takes the value 1 if time ¢ falls within a
lockdown period and 0 otherwise. Details of the lockdown periods are provided in the
appendix. Briefly, there was only one long lockdown period in 2020, from March 26 to the
end of April, with all other periods being less than one week in duration.

For the weight matrix W, we consider driving distance rather than geographic dis-
tance, taking into account traffic conditions and speed limits in different areas. To com-
pute the average driving time between two stations, we use the Open Source Routing
Machine (OSRM). In this application, if two stations are within a 5-minute driving dis-
tance of each other, they are classified as neighbors. We normalise each row of the matrix
W such that the sum of the elements in each row equals 1. Specifically, if station 1 has
three neighbors (stations 2, 7, and 9), then Wy, = Wy, = Wi 9 = %, and all other W; ; = 0.

The prior is set to be informative but covers a broad range of the parameter space, as

in the simulation. The detailed settings can be found in the appendix.

5.3 Results

Due to the large number of parameters in the model, such as the number of p, J, v, and b,
A, F,which totals 3N+ N (p+1)+r;(T+N) = 44,597 in our application, we do not store all
simulated values during the MCMC process. Instead, we focus on the posterior means,

which allows us to accumulate values with minimal memory usage. This approach makes
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it straightforward to evaluate uncertainties. For example, if posterior variance is required,
we can save the sum of the squared values, then use the sample mean of the squared val-
ues and the sample mean to compute the sample variance. Any moment-based posterior
statistics can be derived in this way.

Figure 4 presents the histogram of the posterior means of p, ; for all i at the quan-
tiles 7 = (0.01,0.05,0.5,0.95,0.99). Without imposing any restrictions, the distribution of
p: - reveals two key characteristics. First, the values are positive, indicating that positive
spillover effects exist between fuel prices at nearby stations. Second, the heterogeneity
patterns are consistent across different quantiles. Some stations exhibit greater sensitiv-
ity to their neighbors (larger p values), while others show minimal sensitivity, with p val-

ues close to zero. Figure 4 underscores the need for a heterogeneous coefficient model.

p at quantile 0.01 p at quantile 0.05

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

p at quantile 0.5 p at quantile 0.95

0
0 01 02 03 04 05 06 07 08 09 1 0 o1 02 03 04 05 06 07 08 09 1

p at quantile 0.99

0 01 02 03 04 05 06 07 08 09 1

Figure 4: Distributions of p

Figure 5 shows the distribution of the posterior means of the Covid lockdown coeffi-
cients at different quantiles. It is clear that the distributions of these coefficients differ
significantly across quantiles. For instance, the histogram for = = 0.05 is right-skewed,

while the histogram for 7 = 0.99 is left-skewed. The mode is around zero. This is not
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Figure 5: Distribution of Covid Coefficients

surprising, as the factors are intended to capture any systematic price changes. Figure 5
demonstrates that the lockdowns have caused changes in prices, not only in terms of
dispersion but also in how these price responses vary across different quantiles.

Figure 6 displays the average brand premiums across different quantiles. It is im-
portant to note that each station has its own distinct brand premium, which can be in-
terpreted as the average station effect within the same brand. Similar patterns emerge
across the brand premiums. For instance, Pacific Petroleum consistently has the lowest
values, while United Petroleum consistently has the highest values across all quantiles.

Similar to the spatial coefficient p; ., the lag coefficient v, . and the lag-spatial coeffi-
cient ¢, , demonstrate a strong pattern of heterogeneity, while exhibiting similar patterns
across quantiles, respectively. Due to page limitations, these are not shown here.

The systemic factors and their effects on each time series are plotted in Figure 7. Each
subplot represents N = 946 time series, depicting ;. f, .. It is evident that the factor
structure captures the seasonality present in the data. Since the simulation study does
not indicate the correct number of factors, we refrain from analysing individual factors in

this application.
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We compute the average variation from the posterior mean of the contemporaneous
effect. Specifically, we consider the term p; , Zgé i1 Wi Qy, (71Xt Fyry Bry Ary pry Y-, 01)
in (1). The ratio of the average variation of this term to the average variation of the poste-
rior values of the quantiles is approximately 30% for all quantiles in (0.01, 0.05, 0.5, 0.95, 0.99).
This suggests that the contemporaneous spatial effect plays a significant role in explain-

ing the quantiles.

6 Conclusion

In this paper, we proposed a novel dynamic spatial panel quantile model with interactive
effects. The model effectively captures several complex features simultaneously, includ-
ing spatial spillover effects, heterogeneous regression coefficients, and unobserved het-
erogeneity that vary across quantiles. To estimate the model, we developed a Bayesian
MCMC procedure capable of handling all these aspects, and we established Bayesian
consistency to support its theoretical validity. The practical utility of the method was

demonstrated through an application to gasoline price data in Australia.

Supplementary Materials

All technical proofs of theoretical results and some numerical results are delegated to the

supplementary document.
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