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Abstract
Bivariate distributions, specified in terms of their conditional distributions, provide a powerful tool to obtain flexible distributions. These
distributions play an important role in specifying the conjugate prior
in certain multiparameter Bayesian settings. In this paper, the conditional specification technique is applied to look for more flexible distributions than the traditional ones used in the actuarial literature,
as the Poisson, negative binomial and others. The new specification
draws inferences about parameters of interest in problems appearing
in actuarial statistics. Two unconditional (discrete) distributions obtained are studied and used in the collective risk model to compute the
right-tail probability of the aggregate claim size distribution. Comparisons with the compound Poisson and compound negative binomial
are made.
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Introduction

Many statisticians applying their studies in actuarial framework have examined the distribution of annual claim numbers (Willmot (1987), Kokonendji
and Khoudar (2004), Meng et al. (1999), Sarabia et al. (2004), Denuit et
al. (2007), Klugman et al. (2008) and Gómez-Déniz et al. (2008a, 2008b);
among others). One of the most popular models in this context is the Poissongamma, which is based on the assumptions that the portfolio is heterogeneous
and that all policyholders have constant but unequal underlying risks of having an accident. Under the above hypotheses, it is straightforward to prove
that the unconditional distribution of the number of claims follows a negative

binomial distribution. In the context of count regression models, the negative binomial distribution can be thought of as a Poisson distribution with
unobserved heterogeneity. This in turn can be considered a mixture of two
probability distributions, Poisson and gamma. However, since the Poisson
model for count data imposes the restriction that the conditional mean should
equal the conditional variance, the negative binomial distribution derived is
open to criticism, because the random count process should exhibit overdispersion (i.e. distributions of counts often have a variance greater than the
mean). Thus, alternative models to the standard Poisson distribution have
been proposed. The binomial-beta and the Poisson-inverse Gaussian have
the advantage of using conjugate distributions, which is an attractive feature
in the scenario of credibility theory. Indeed, the use of the bivariate distribution by conditional specification is not a novelty in this field (see Sarabia et
al. (2004, 2005), Sarabia and Guillén (2008) and Gómez-Déniz et al. (2009)).
In the latter paper, a Bayesian robustness methodology was also developed
showing that the premiums obtained under a conditional specification model
are much more robust than those ones computed under classical models.
In the present paper, a new distribution is derived to predict the count
data process, on the basis of the Conway-Maxwell distribution (see Ahmad
(2007) and Johnson et al. (2005)) and its natural conjugate, the extended
bivariate gamma distribution (see Kadane et al. (2006)). As a generalization of the former model, we seek the most general distribution of a bivariate
random variable (X, Θ) such that their conditional distributions are ConwayMaxwell and gamma. This new family of distributions is very flexible and it
contains, as particular cases, many other distributions proposed in the literature. It is well–known that a bivariate distribution can be specified through
its conditional distributions. If we assume that conditional distributions belong to certain parametric families of distributions, it is possible to obtain the
joint distribution using the methodology described in Arnold et al. (1999).
See also Arnold et al. (2001) as an introduction to this topic. In order to
obtain the joint distribution, it is necessary to determine the resolution of
some functional equations, and by means of this methodology, highly flexible
multiparametric distributions can be obtained.
The applicability of the model is shown by fitting empirical automobile
frequency of claims within the framework of the collective risk model, where
the pair (X, N ) represents the two random variables of interest. Here, N
is a count variable that refers to the random number of claims and X =
PN
i=1 Xi is the total claim amount (aggregate claim size). See Hernández et
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al. (2009), Klugman et al. (2008), Rolski et al. (1999), Sarabia and Guillén
(2008) and Willmot (1987) for details on the collective risk model. As an
important result, a new expression for the aggregate claim size distribution
is obtained. This new expression can be considered an alternative to the
classical compound Poisson model, where the individual claim size follows an
exponential distribution and the number of claims is distributed according
to a classical Poisson distribution.
The remainder of this paper is arranged as follows. In order to provide
the necessary background, the Conway-Maxwell-extended bivariate gamma
Bayesian model proposed in Kadane et al. (2006) is presented in Section 2.
The new bivariate distribution, marginal and conditionals are presented in
Section 3. Some interesting sub-models are shown in Section 4. Some new
results in the collective risk model are given in Section 5. Section 6 includes
the applications proposed and Section 7 concludes.
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Background

The Conway-Maxwell-Poisson distribution (CMP) was first considered in
1962 from a need to model queuing systems with dependent service times;
nevertheless, it has rarely been explored and its statistical and probabilistic properties have not been published. The CMP belongs to the family of
two-parameter power series distributions (Johnson et al. (2005)) and forms
an exponential family of distributions which includes as particular cases the
Poisson and geometric discrete distributions and it has proved to be useful
to model both under and over-dispersed data. Kadane et al. (2006) explored
a Bayesian analysis of this distribution.
The CMP distribution is a generalization of the Poisson distribution, its
probability mass function is
Pr(X = x|θ, ν) =

θx
1
,
Z(θ, ν) (x!)ν

ν > 0, θ > 0, x = 0, 1, . . .

(1)

where
∞
X

θj
Z(θ, ν) =
.
ν
j=0 (j!)
When ν = 1 a Poisson distribution is obtained. On the other hand, if
ν = 0, θ < 1, the pmf (1) itself is geometric with parameter 0 < θ < 1.
3

Since the CMP forms an exponential family, there exists a conjugate
family of prior distributions such that, whatever the data, the posterior is of
the same form. For this distribution, the conjugate prior density (assuming
that the two parameters are unknown and random variables themselves) is
of the form (see Kadane et al. (2006)):
π(θ, ν) = θa−1 e−ν b Z −c (θ, ν) κ(a, b, c),

(2)

which can be thought of as an extended bivariate gamma distribution.
If we assume ν to be known and λ = e−θ unknown, a conjugate prior in
the single-parameter exponential family of distributions also exists given in
the following form (see Jewell (1974)):
−n0

π(θ) = [c(θ)]

θ x0
.
d(n0 , x0 )

being c(θ) and d(n0 , x0 ) normalizing factors.
Bayesian methodologies play an important role in many fields of research,
in particular in actuarial statistics and more specifically in credibility theory.
Under this approach, the premium charged to a policyholder is computed
on the basis of past claims made and the accumulated past claims of the
corresponding portfolio of policyholders. In order to obtain an appropriate
formula for this technique, several procedures, mostly in the field of Bayesian
decision-making methodologies, have been proposed in actuarial literature.
It is well–known (Jewell (1974)) that when a conjugate family of distributions is used, exact credibility expressions are obtained under the net
premium calculation principle, based only on the mean value. Then, the
Bayes net premium (the posterior mean of the parameter of interest) can be
written as an exact credibility expression. That is,
Bayes Net Premium = Z(t) X̄ + (1 − Z(t)) E(θ),
where Z(t) is the credibility factor, a number between 0 and 1, depending on
P
the size of the sample, t and X̄ = (1/t) ti=1 Xi . For this reason, if the CMP
and its natural conjugate prior are used a credibility premium is obtained.
Detailed information about premium computation and credibility expression are provided in Gómez-Déniz et al. (2009), Hernández et al. (2009),
Jewell (1974), Klugman et al. (2008), Sarabia et al. (2004, 2005) and Sarabia
and Guillén (2008); among others.
4

Since the analytical expression of (1) includes a series, parameter estimation problems arise when the distribution is used to fit a data set. Model
extensions have been proposed in recent years; for example, the ConwayMaxwell-hyper Poisson distribution proposed by Ahmad (2007). A generalization of the CMP distribution can also be obtained by using a conditional
specification model and searching for the most general bivariate distribution
with CMP and gamma conditional distribution. This is one of the main
purposes of the remainder of the paper.

3

The new conditional specification model

A bivariate distribution can be specified through its conditional distributions.
By assuming that both conditional distributions belong to certain parametric
classes of distributions, it is possible to obtain the joint distribution using
the methodology proposed by Arnold et al. (1999, 2001) (see also Sarabia
and Gómez-Déniz (2008) as introduction to the topic).
The use of this kind of distribution in risk analysis and in economics
is relatively new. Some applications have been provided by Sarabia et al.
(2004, 2005). In addition to this, the class of bivariate distributions with
lognormal conditionals has been fully characterized by Sarabia et al. (2005).
We seek the more general bivariate distribution (X, Θ) whose conditional
distributions satisfy:
X|Θ = θ ∼ CM P (λ(θ), µ(θ)),
Θ|X = x ∼ G(α(x), β(x)),

(3)
(4)

for given functions
−→
−→
−→
−→

α(x) : IN
β(x) : IN
λ(θ) : IR +
µ(θ) : IR +

IR + ,
IR + ,
IR + ,
IR + .

This question lead us to provide the following result:
Theorem 1 The most general bivariate distribution with conditional distributions X | Θ = θ ∼ CM P (λ(θ), µ(θ)) and Θ | X = x ∼ G(α(x), β(x)), is
5

given by:









1

1


f (x, θ) = exp (1 x − log x!) M  −θ  ,

θ

log θ 

(5)

where x = 0, 1, . . ., θ > 0 and M = (mij ) i=0,1,2 is a three–dimensional matrix
j=0,1,2

whose elements are constant parameters.
Proof:
Since both conditional distributions belong to the exponential
family, this is a simple particular case of theorem 4.1 in Arnold et al. (1999).
The parameter m00 is the normalizing constant and is a function of the
rest of the parameters. Therefore, the parameters {mij } must be selected to
satisfy

Z ∞
0

fΘ (θ)dθ < ∞ or

∞
X

Pr(X = x) < ∞.

x=0

The bivariate distribution given in (5) may be rewritten as
f (x, θ) =

θm02 +m12 x−1
(x!)m20 −m21 θ+m22 log θ

exp {m00 + m10 x − (m01 + m11 x) θ} .

(6)

Henceforward, we will denote this model as the bivariate Conway-Maxwell
gamma conditional distribution (BCMG); to the best of our knowledge it has
not been considered previously in the literature.
Observe that the bivariate distribution (6) includes both a continuous
and a discrete random variable, thus providing the possibility of modelling
different types of phenomena. This kind of bivariate distribution is uncommon in the statistical literature. For instance, it is not easy to find bivariate
distributions where one marginal is continuous and the other one is discrete
(see for example Kotz et al. (2000) or Spanos (1999)).
The most relevant properties of the BCMG model are displayed below.
The marginal distributions of X and Θ are given in the next result.
Proposition 1 The marginal distribution of X is given by:
Pr(X = x) =

Γ(α(x))
exp {m00 + m10 x − m20 log x!} ,
β(x)α(x)

(7)

for x = 0, 1, . . ., and the marginal distribution of Θ is:
f (θ) = θm02 −1 Z(λ(θ), µ(θ)) exp {m00 − m01 θ} ,
6

(8)

for θ > 0, where
α(x)
β(x)
λ(θ)
µ(θ)

=
=
=
=

m02 + m12 x − m22 log x!,
m01 + m11 x − m21 log x!,
exp {m10 − m11 θ + m12 log θ} ,
m20 − m21 θ + m22 log θ.

(9)
(10)
(11)
(12)

Proof: It is straightforward to show that the marginal distribution of X is
obtained by integrating (6) with respect to θ and the marginal distribution
of Θ is calculated by summing (6) with respect to x.
The conditional distribution of X given Θ = θ is CMP with parameters
(λ(θ), µ(θ)). On the other hand, the conditional distribution of Θ given
X = x is gamma with parameters (α(x), β(x)), where α(x), β(x), λ(θ) and
µ(θ) are given in (9), (10), (11) and (12), respectively.
Note that the normalizing constant is given by:
m00 = − log

Z ∞

θ
0

m02 −1



exp{−m01 θ} Z(λ(θ), µ(θ)) dθ .

(13)

Now, any univariate integration rule could be used to obtain (13). For this
situation, Gauss–Hermite rules (Davis and Rabinowitz, 1984; among others)
could be used to approximate the normalizing constant. The conditions to
ensure that (6) is a genuine probability density function (pdf henceforward)
are m01 > 0, m02 > 0, m11 ≥ 0, m12 ≥ 0.
Finally, Bayesian methodology can be used to calculate premiums within
the framework of credibility theory since a conjugate pair of likelihood and
prior distribution can be built. The model obtained by assuming (3) as the
likelihood and (8) as the prior distribution of Θ is not conjugate. However,
by considering this new prior pdf:
π(θ) = K3 {Z [λ(θ), µ(θ)]}−c θm02 −1 em01 θ ,

(14)

where K3 is a function of the parameters mij and the new parameter c, thus
extending the prior distribution considered by Kadane et al. (2006). This is
shown in the next result.
Proposition 2 Let f (x|θ) the pdf given in (3) and the prior distribution of
the parameter θ with pdf given in (14). The posterior distribution of θ given
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the sample information X = (X1 , X2 , . . . , Xt ) is as in (14), i.e. conjugate,
but with the updated parameters
m∗01 = m01 − t X̄ m11 + m21
m∗02 = m02 + t X̄ m12 − m22
m∗10 = m10 , m∗11 = m11 ,
m∗20 = m20 , m∗21 = m21 ,
c∗ = c + t,

t
X
i=1
t
X

log Xi !,
log Xi !,

i=1
m∗12
m∗22

= m12 ,
= m22 ,

where X̄ is the sample mean.
Proof:
To see this, consider the prior distribution (14) and the sample
X = (X1 , X2 , . . . , Xt ). Then the likelihood
f (X1 , . . . , Xt |θ) =

1
λ(θ)tX̄


{Z[λ(θ), µ(θ)]}t Qt xi ! µ(θ)
i=1

and the posterior pdf is proportional to
π(θ|X) ∝ f (X1 , . . . , Xt |θ) π(θ)
∝ {Z[λ(θ), µ(θ)]}−c−t θm02 +m12 tX̄−m22
n

Pt
i=1

log Xi !−1

o

× exp (m01 − m11 tX̄ + m21 )θ .
Since λ(θ) and µ(θ) do not depend on the parameters m02 and m01 ,
the posterior pdf results of the same form as the pdf (14) and therefore is
conjugate with respect to the pdf (3) with the updated parameters given
above.

4

Some interesting sub-models

The bivariate distribution given in (6) includes as a particular case some
interesting sub-models which have been considered in the literature. For
example, the choice m20 = 1, m21 = m22 = 0 provides the Poisson-gamma
8

conditionals model, which appears in Arnold et al. (1999, p.97) and Sarabia
et al. (2004).
Now, by assuming this first choice, the marginal distribution of X given
by (7) could be considered as a broad-based model that contains as particular
cases several well-known probability distributions proposed in the literature
depending on the values of its parameters:
The Poisson distribution corresponds to the choice m11 = m12 = 0. In
this case, we have that X ∼ P(em10 ) and the random variables X and Θ in
(6) are independent.
The negative binomial distribution corresponds to the choice m10 =
m11 = 0, m12 = 1. In this case, X ∼ N B(m02 , 1 − m−1
01 ), with m01 > 1.
Furthermore, a nested negative binomial distribution is obtained by assuming m10 = 0, m12 = 1. This new model depends on three parameters
and presents the advantage of including the negative binomial distribution
as a particular case (nested). Under this nested model, the probability mass
function is given by:
Pr(X = x) =

Γ(m02 + x)
em00
, x = 0, 1, 2, . . .
x! (m01 + m11 x)m02 +x

(15)

Obviously, the negative binomial distribution corresponds to the choice
m11 = 0. Other models can be derived from (6) by choosing different parameter values. Since they will be used in the remainder of the paper, we have
devoted two separate sections to each one of these models. They have been
denoted as model S1 and model S2.

4.1

The sub-model S1

This sub-model corresponds to m12 = m20 = m21 = m22 = 0, for which the
bivariate joint distribution can be written as
f (x, θ) =

θm02 −1
exp {m00 + m10 x − (m01 + m11 x) θ} .
x!

(16)

In this case, the normalization constant can be expressed in a closed form
and it is given by
e

m00

02
mm
11
= K1 =
,
01
φ(em10 , m02 , m
)
m11

9

k
−s
where φ(z, s, a) = ∞
k=0 z (k + a) , is the Lerch transcendent function,
which is available in Mathematica or a similar software.
The marginal distributions of X and Θ are now given by the following
expressions:

P

Pr(X = x) =

K1 em10 x
, x = 0, 1, . . . ,
(m01 + m11 x)m02


f (θ) = K1 θm02 −1 e−m01 θ 1 − em10 −m11 θ

(17)

−1

for θ > 0.
The probability generating function of (17) is
m01
φ(s em10 , m02 , m
)
11
GX (s) =
,
m
φ(em10 , m02 , m01
)
11

from which we can obtain its derivative of any order to obtain the factorial
moments. In particular we have that the mean is given by
1
m01
m01
.
E(X) =
)−
φ(em10 , m02 − 1,
m01
m
10
φ(e , m02 , m11 )
m11
m11




Also, from (17) we get the ratio between successive probabilities given by
"

Pr(X = x)
m01 + m11 (x − 1)
=
Pr(X = x − 1)
m01 + m11 x

#m02

em10 ,

x = 1, 2, . . .

(18)

02
where Pr(X = 0) = K1 m−m
.
01
Furthermore, from (18) it is simple to see that the distribution is unimodal
with modal value at zero.
Let us prove that the pmf given in (17) is infinitely divisible.

Proposition 3 The discrete distribution with pmf given in (17) is infinitely
divisible.
Proof: Firstly, we have that Pr(X = 0) 6= 0, Pr(X = 1) 6= 0. Then, we
must prove that {Pr(X = j)/ Pr(X = j − 1)} , j = 1, 2, . . . forms a monotone increasing sequence. If we define Pr(X = x) also for non–integer values
of x, we have that for x ≥ 1
d
dx

Pr(X = x)
Pr(X = x − 1)

!

=

Pr(X = x)
m02 m211
> 0.
Pr(X = x − 1) [m01 + m11 (x − 1)] [m01 + m11 x]
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Now, the result follows by applying Theorem 2.1 in Warde and Katti
(1971).
The fact that {pj /pj−1 } , j = 1, 2, . . ., forms a monotone increasing sequence requires that {pn } be a decreasing sequence (see Johnson and Kotz,
1982, p.75), which is congruent with the zero vertex of the new distribution.
Moreover, as any infinitely divisible distribution defined on nonnegative integers is a compound Poisson distribution (see Proposition 9 in Karlis and
Xekalaki, 2005), therefore the distribution (17) presented in this subsection
is a compound Poisson distribution.
Furthermore, the infinitely divisible distribution plays an important role
in many areas of statistics, for example, in stochastic processes and in actuarial statistics. When a distribution G is infinitely divisible then for any integer
n ≥ 2, there exists a distribution Gn such that G is the n–fold convolution
of Gn , namely, G = G∗n
n .
Since the discrete distribution is infinitely divisible, an upper bound for
the variance can be obtained for m01 > 0, m02 > 0, m11 ≥ 0 and any m10 ∈ IR
(see Johnson and Kotz, 1982, p.75), which is given by
var(X) ≥

4.2

Pr(X = 1)
m01
=
Pr(X = 0)
m01 + m11


m02

em10 .

The sub-model S2

This another sub-model is obtained by taking
m02 = 1, m12 = m21 = m22 = 0, m20 = 2.
whose bivariate joint distribution can be expressed as
f (x, θ) =

1
exp {m00 + m10 x − (m01 + m11 x) θ} .
(x!)2

(19)

In this sub–model, the normalization constant, obtained from (13), can
be written in a closed form as a function of the generalized hypergeometric
function in the following way, after some algebra
m01
em00 = K2 =
,
m10 )
1 F2 (m01 /m11 ; 1, 1 + m01 /m11 ; e
(a) xj

j
where 1 F2 (a; b, c; x) = ∞
j=0 (b)j (c)j j! represents the generalized hypergeometric function and (p)j = Γ(p + j)/Γ(p) is the Pochhammer symbol.

P

11

The marginal distributions of X and Θ are given by:

Pr(X = x) =

em10 x
K2
, x = 0, 1, . . . ,
(x!)2 m01 + m11 x

−m01 θ

f (θ) = K2 e

1
2 exp (m10 − m11 θ)
2



I0



(20)



, θ > 0,

(21)

j

P∞

( 14 x2 )

where I0 (x) = j=0 (j!)2 represents the modified Bessel function of the first
kind.
We are now interested in analyzing some properties of the discrete random
variables given in (20):
Hence the probability generating function can be obtained as
m01
m01
K2
; 1, 1 +
; s em10 ,
1 F2
m01
m11
m11


GX (s) =



the mean is given by
K2 em10
m01
m01 m10
E(X) =
; 2, 2 +
;e
,
1 F2 1 +
m01 + m11
m11
m11




and the cumulative distribution function is
K2 e((1+x)m10 )
(Γ(x + 2))2 (m01 + (1 + x) m11 )


m01
m01 m10
× 2 F3 1, 1 + x +
; 2 + x, 2 + x, 2 + x +
;e
m11
m11

Pr(X ≤ x) = 1 −

where 2 F3 (a, b; c, d, e; x) =
geometric function.
From (20) we have

(a)j (b)j xj
j=0 (c)j (d)j (e)j j!

P∞

Pr(X = 0) =

represents the generalized hyper-

K2
,
m01

(22)

and the remaining probabilities can be calculated recursively using (22) together with
em10
m11
Pr(X = x) = 2 1 −
x
m01 + m11 x
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Pr(X = x − 1),

x = 1, 2, . . .

5

Results in the collective risk model

Within the framework of risk theory, the classical collective model (see Klugman et al. (2008) and Rolski et al. (1999)) we will assume that the amount of
interest is the pair (Y, X), where X is a count variable that refers to the ranP
dom number of claims and Y = X
i=1 Yi is the total claim amount (aggregate
claim size). The two components are usually termed the claim frequency,
and the severity component and the respective densities are known as the
primary and secondary distributions, respectively. In a given time period
there can be several claims under a single policy. On the other hand the
amount of each claim can vary in a significant way.
The natural way of modelling the pair (Y, X) is in terms of the simple
hierarchical model Y |X ∼ fY∗ix (y) and X ∼ fX (x), where fY∗ix (x) represents
the x-fold convolution of the random variable Yi .
Numerical evaluation of compound distributions is a useful tool in insurance mathematics to solve the problem of large claims made by policyholders,
in particular regarding to reinsurance within the collective risk model; in this
respect, two widely-used techniques are the Panjer recursion algorithm and
transform methods such as Fast Fourier Transform. Although this method is
very simple to implement, in practice, it presents the drawback that some improvements are required, especially for heavy-tailed distributions since aliasing errors imply the need to consider the whole distribution.
The use of the extrapolated tail, after fitting a distribution to claim size
data, to estimate an extreme large claim value could sometimes lead us into
possible errors since the estimated value is larger than the actual one. For
that reason, it is crucial not to use a probability distribution whose tail fades
away to zero rapidly. Two notorious examples that have been used in the
risk theory literature are Pareto and log-normal distributions, in particular
in reinsurance premium computation. For the sake of its simplicity, if the size
of a single claim is described by an exponential distribution, the compound
Poisson model has been commonly used. In this paper, several different
models have been developed after considering that the number of claims can
be explained by the pmf’s introduced in the previous section.
The results presented in the following show that closed forms are obtained when the pmf (17), with m02 = 1 and (20), are assumed as primary
distribution and exponential distributions as secondary distributions.
Theorem 2 If we assume the pmf (17) with m02 = 1 as the primary distri13

bution and an exponential distribution with parameter γ > 0 as the secondary
P
distribution, then the pdf of the random variable Y = X
i=1 Yi is given by
γ (γ y)−m01 /m11 −1 e−(γ y+m10 m01 /m11 )
φ(em10 , 1, m01 /m11 )
 



m1
m01
−m10
× Γ 1+
,γ ye
,
−Γ 1+
m11
m11

fS (y) =

y > 0,

(23)

11
while fS (0) = m01 φ(em10m,1,m
. Here Γ(z) = 0∞ tz−1 e−t dt is the gamma
/m
)
01
11
R
function and Γ(a, z) = z∞ ta−1 e−t dt is the incomplete gamma function.

R

Proof:
Since the x-th fold convolution of the exponential distribution
follows a gamma distribution with parameters x and γ (see Klugman et al.
(2008) and Rolski et al. (1999))

f ∗x (y) =

γx
y x−1 e−γ y , x = 1, 2, . . .
(x − 1)!

(24)

the result follows after after simple but tedious algebra.
Theorem 3 If we assume the pmf (20) as the primary distribution and an
exponential distribution with parameter γ > 0 as the secondary distribution,
P
then the pdf of the random variable Y = X
i=1 Yi is given by
m01
m01
K1 γ e−(γ y−m10 )
; 2, 2, 2 +
; γ y em10 , y > 0, (25)
fS (y) =
1 F3 1 +
(m01 + m11 )
m11
m11


while fS (0) =



K1
.
m01

Proof: Again, by assuming the same argument the theorem holds after
some computation.

6

Applications

The most traditionally used aggregate claim model is the one obtained assuming the Poisson as primary and the exponential as secondary distribution.
In this particular case (see Rolski et al. (1999) and Hernández et al. (2009);
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among others), the distribution of the random variable aggregate claim size
is given by
s

fs (y) =

γα −(α+γy)
√
e
I1 (2 αγy) ,
y

y > 0,

(26)

with fS (0) = e−α . In this case, α = em10 > 0 and γ > 0 are the parameters of the Poisson and exponential distributions, respectively and Iν (z) =
P∞
2k+ν
/(Γ(k + 1) Γ(ν + k + 1)), z ∈ IR, ν ∈ IR, represents the
k=0 (z/2)
modified Bessel function of the first kind. In addition to this, as a negative
binomial distribution with parameters r > 0 and 0 < p < 1 is assumed as
primary distribution, the pdf of the random variable aggregate claim size is
now given by the expression
fS (y) = γ1 r pr (1 − p)e−γ y 1 F1 (1 + r, 2, γ(1 − p)r),

y > 0,

(27)

being fS (0) = pr . Recall that r = m02 and p = 1 − 1/m01 .
As an application to real data, let us consider the claim counts of the third
party liability vehicle insurance from an insurance company in Zaire (see
Willmot (1987)) which correspond to claims from 4000 vehicle policies. We
only have reproduced the data set with frequencies {0, 1, 2, . . .} and observed
values {3719, 232, 38, 7, 3, 1}.
For comparison purposes, the Poisson distribution, the negative binomial
distribution and the pmf given in (17) and (20) and (17) with m20 = 1 have
been used to fit the data. The differences between the observed and expected
frequencies were plotted and appear in Figure 1. As it can be observed from
that pictorial, errors of estimation are only significant for the Poisson model.
Parameters have been estimated, for all models, by the maximum likelihood
method. Maximum of the log-likelihood (`max ) and parameter estimates are
shown in Table 1.
Those estimates have been used to compute to compute the right-tail cumulative probability of the aggregate claim distribution for the expressions
(23), (25), (26) and (27). The results for different values of γ are displayed in
Tables 2 and 3. From those charts, it can be observed that expressions (23)
and (25) fades away to zero slower than expressions (26) and (27), showing
the efficiency of the distributions introduced in this paper to model extreme
data when the severity component follows an exponential distribution. Certainly, the effectiveness of these distributions will improve by considering
more heavy-tailed distributions to model the severity component.
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Figure 1: Errors of estimation, observed minus expected, Zaire (1974)

7

Conclusions

It is convenient in statistical modelling to find tractable multivariate distributions with given marginals in order to be able to quantify the dependence
effect of the variables in the model. In this article, we have approached that
problem by using given conditional distributions. As a result of this methodology, a bivariate distribution including both a continuous random variable
and a discrete random variable has been obtained, providing the possibility
of modelling different phenomena. In spite of this kind of multivariate distribution is unusual in statistical literature, it has been traditionally used in
the actuarial framework, in particular within the collective risk model.
Additionally, this paper also provides a significant extension to the CMPgamma Bayesian model used in Kadane et al. (2006).
The appropriateness of this model is determined by the simplicity and
effectiveness to estimate parameters, thus providing a class of distributions
16

Table 1: Parameters estimates and the maximum of the log-likelihood
Parameter
`max
Estimates
c01
c02
c10
c11
m
m
m
m
Poisson
–
–
–2.447
–1246.08
NB
3.496 0.216
–
–
–1183.55
S1
0.551 2.077 –0.835 0.850 –1183.36
S1 (m02 = 1) 0.470
1
–1.177 1.868 –1183.48
S2
0.067
–
0.567 1.907 –1189.67

to actuarial community that can be used in the collective risk model.

References
Ahmad, M. (2007). A short note on Conway-Maxwell-hyper Poisson distribution. Pakistan Journal of Statistics, 23, 2, 135–137.
Arnold, B.C, Castillo, E., Sarabia, J.M. (1999). Conditional Specification of
Statistical Models. Springer Series in Statistics, Springer Verlag, New
York.
Arnold, B.C., Castillo, E., Sarabia, J.M. (2001). Conditionally Specified
Distributions: An Introduction (with discussion). Statistical Science,
16, 3, 249–274.
Davis, P. and Rabinowitz, P. (1984). Methods of numerical integration. San
Diego: Academic Press.
Denuit, M., Marechal, X., Pitrebois, S. and Walhin, J-F. (2007). Actuarial
Modelling of Claim Counts: Risk Classification, Credibility and BonusMalus Systems. Wiley
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