Greg Taylor -73 ISBN 07340 1379 5

The Statistical Distribution of Incurred Losses
and Its Evolution Over Time

I1: Parametric Models
by

Greg Taylor
The University of Melbourne
Taylor Fry Consulting Actuaries

RESEARCH PAPER NUMBER 73

November 1999

Centre for Actuarial Studies
Department of Economics
The University of Melbourne
Parkville Victoria 3010
Australia.



Table of Contents

1. Introduction

2. Motivational example............

3. Bayesian framework

4. Credibility theory

5. Normal cell distributions

6. Application to motivational example

7. A more realistic example.........coeeveeerereeeverereennnn

8. Models spanning different development years

9. Acknowledgment

Appendices
A Derivation of inhomogeneous credibility formula
B Derivation of homogeneous credibility formula

C Example of Section 7

12

16

20

25

36






i1

Summary

The distribution of the total incurred losses of an accident year (or underwriting year) is
considered. Before commencement of the accident year, there is a prior on this
quantity. The distribution may evolve over time according to Bayesian revision which
takes account of the accumulation of data with time.

The distribution in question can be made subject to various assumptions and
restrictions. The different forms of these are explored in a sequence of papers that
includes the present one.

A previous paper examined the situation in which no restrictions were imposed. The
resulting models were referred to as non-parametric.

The present paper considers the case in which the posterior-to-data estimates of the
subject distribution are restricted to a specific parametric family. These models are
referred to as parametric. The subject distribution evolves with the evolution of its
parameters under Bayesian revision. The credibility approximations to this revision are
worked out in general (Section 4) and for the special case of normally distributed data
(Section 5).

The results are illustrated by application to a very simply example (Section 6). They are
illustrated further by application to a more extensive example involving real data
(Section 7). The examples use the same respective data sets as in the previous paper.

All models to this point represent the loss experience of each development year in terms
of a separate set of parameters applicable to just that year. Section 9 analyses the case
in which all of these parameters are expressed as functions of a reduced parameter set.
Again, a numerical example is given.

Keywords: distribution of incurred losses, credibility theory.



Introduction

This paper is written at the request of, and is partly funded by, the Casualty
Actuarial Society’s Committee on Theory of Risk. It is the first of a trio of
papers whose purpose is to answer the following question, posed by the
Committee:

Assume you know the aggregate loss distribution at policy inception
and you have expected patterns of claims reporting, losses
emerging and losses paid and other pertinent information, how do
you modify the distribution as the policy matures and more
information becomes available? Actuaries have historically dealt
with the problem of modifying the expectation conditional on
emerged information. This expands the problem to continuously
modifying the whole distribution from inception until it decays to a
point. One might expect that there are at least two separate states
that are important. There is the exposure state. It is during this
period that claims can attach to the policy. Once this period is over
no new claims can attach. The second state is the discovery or
development state. In this state claims that already attached to the
policy can become known and their value can begin developing.
These two states may have to be treated separately.

In general terms, this brief requires the extension of conventional point
estimation of incurred losses to their companion distributions. Specifically, the
evolution of this distribution over time is required as the relevant period of
origin matures.

Expressed in this way, the problem takes on a natural Bayesian form. For any
particular year of origin (the generic name for an accident year, underwriting
year, etc), one begins with a prior distribution of incurred losses which applies
in advance of data collection. As the period of origin develops, loss data
accumulate, and may be used for progressive Bayesian revision of the prior.

When the period of origin is fully mature, the amount of incurred losses is
known with certainty. The Bayesian revision of the prior is then a single point
distribution. The present paper addresses the question of how the Bayesian
revision of the prior evolves over time from the prior itself to the final
degenerate distribution.

This evolution can take two distinct forms. On the one hand, one may impose no
restrictions on the posterior distributions arising from the Bayesian revisions.
These posterior distributions will depend on the empirical distributions of
certain observations. Such models are non-parametric.



Alternatively, the posterior distributions may be assumed to come from some
defined family. For example, it may be assumed that the posterior-to-data
distribution of incurred losses, as assessed at a particular point of development
of the period of origin, is log normal. Any estimation questions must relate to
the parameters which define the distribution within the chosen family.

These are parametric models. They are, in certain respects, more flexible than
non-parametric, but lead to quite different estimation procedures.

The first paper (Taylor, 1999) dealt with non-parametric models only. This
deals with certain parametric models. Within the parametric class one may
identify two sub-classes according to whether or not the parameters which
describe the distributions involved are fixed quantities, or themselves evolve
over time. These are the cases of static and dynamic parameters respectively.

The present paper addresses the case of static parametric models. A future
paper, the final one in the trio, will deal with dynamic parametric models.

Familiarity with the earlier paper will be assumed here. In particular, the
Bayesian and credibility background introduced and described there will be
assumed.

As far as possible, the notation used here will be common with the earlier paper.



Motivational example

Consider the same motivational example as in the earlier paper. The data were
set out in the Table 2.2 of that paper, which is reproduced as Table 2.1 here.

Table 2.1 Payments per Claim Incurred
Accident PPCI ($) in Development Year

Year 0 1 2 3 4
1994 1,069 4,249 1,818 426 215
1995 1,033 3,896 2,128 496
1996 1,138 3,722 1,863
1997 1,126 3,960
1998 915 _

Prior mean 1,000 4,000 2,000 500 200

Let cell (i,/) represent development year ; of accident year i, and let X{(ij) denote
the Payments per Claim Incurred (PPCI) in respect of that cell.

Assume that, for each fixed j, the X(ij) are an iid sample from a normal
distribution with

EX(, j)=6()) (2.1)
VXG5 =7()), (2.2)
with () and 7°(j) independent of i.

Suppose that the X(7,j) (over all ij) form a mutually stochastically independent

set (for given (;)). Suppose also that 72() is fixed and known, and that 4()
is a sampling from some hyperdistribution.

This framework is very similar to that in the earlier paper. Indeed, (2.1) and
(2.2) are identical to (2.2) and (2.3) of that paper. The essential difference is the
imposition here of normality on X(i,j) whereas the distribution of X(ij) was left
free in the earlier paper.

As in the earlier paper, this example focuses attention on the incurred losses per
claim in respect of accident year 1996:

ix(1 996, ) + 24: X(1996, j), (2.3)

j=3

with x(i,j) denoting the realisation of the random variable X(ij).
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Consider the distribution of the X(1996,3), say, conditional on the data in Table
2.1, ie {x(i,/), 121994, i+ j<1998}. It is known that this distribution is
normal with variance r7. What must be estimated is 0(3) conditional on
{x(, /), i>1994, i+ j <1998}.

This fixes an estimate of the distribution of X(1996,3) conditional on the data. A
similar conditional estimate of the distribution of X(1996,4) may be obtained.
These two distributions generate the distribution of the quantity (2.3).

The remainder of the paper will be concerned with the application of credibility
theory to the estimation of the distribution of quantities like

k 4
DX N+ Y. XG, ), (2.4)
j=0 J=k+1
conditional on data, as they evolve from k = -1 to k = 4, under the convention
that

_Zl (anything) = 0. (2.5)



Bayesian framework
The example of Section 2 is generalised as follows.

Let X{(i,j) denote some stochastic variable that is indexed by accident year i and
development yearj, i 20,0< j < J for fixed J > 0.

Let k=i + j = experience year. As in the earlier paper, k labels diagonals in the

rectangular array with rows and columns labelled by accident years and
development years respectively.

Let

X'(k) = {X(i,j):iZO, 0<y<J, O$i+jsk}
= data up to and including experience year & 3.1

where the prime indicates that the symbol to which it is affixed is being labelled
by experience year.

Suppose that X(i,j) has d.f. G(-I o( j)) characterised by a real vector parameter

6(j) € R?, dependent onj. Suppose that the X (#,/)18(j) are all stochastically
independent, and iid for fixed j. It will be convenient to adopt the abbreviated
notation:

G (x)=G(x]6())), (3.2)
the upper & indicating the conditioning.

Now suppose that the &(j) are unobservable parameters, representing iid
samplings from a d.f. F ().

Write

G,(x)= [GO(x) dF (@), (3.3)

which represents the expectation of G (x) in the absence of any data.

Once data X'(k) have accumulated, one may calculate the Bayesian revision of
0(j):

6% () =E[6()| X'(k)). (3.4)

One will also be interested in the Bayesian revision of G, (-) Ideally, this

would be EéGf (/) where §=6%(j), the posterior random variable
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corresponding to 0( j ) However, this would require distributional assumptions

in respect of the latent parameters (/).

An alternative is to replace the strict Bayesian revision of G y (-) by the quantity
G(416® (). (3.5)

One may further approximate the true Bayesian revision of G, (+) by replacing

6)(j) in (3.5) by its credibility approximation, ie linearised Bayesian
estimator.

Denote the quantity (3.5) with 6%(j) approximated in this way by G (+), and
adopt the convention that

G/ (+) =G, (+). (3.6)

Subsequent sections will be concerned with credibility approximations to (3.4)
and their application to (3.5).



4.1

Credibility theory
Multi-dimensional credibility

Section 4.1 of the earlier paper recited elementary credibility theory. In the
present paper, the subject of estimation () is in general a multi-dimensional
quantity, and hence a multi-dimensional version of credibility theory is required.
The theory summarised below derives ultimately from Jewell (1974).

Consider a real m-vector random variable Y, relating to cell (ij), with d.f.

y

characterised by (), and suppose that
E[Y, l<9(j)] = 4; 6()), (4.1)
mx] mxp

where 4; is a given design matrix, and vector and matrix dimensions are
optionally written below their associated symbols.

Suppose that the Y; 18(j) form a stochastically mutually independent set.

As assumed in Section 3, 6(0), (1), etc are realisations of stochastically
independent latent parameters.

Since attention will be confined initially to a fixed (but arbitrary) value of J, 1t
will be convenient to suppress this subscript temporarily. On this understanding,
(4.1) is re-written in the form:

E[Y,10])= 46. (4.12)
Write
1(0)=E[¥, 0], (42)

and abbreviate (0) to y; when this involves no ambiguity.

Unconditional operators such as E[] and ¥[-] will be understood to have
integrated & out, eg

E[Y] =E,E[Y;|6]

= 4E, [‘9]
=4, (4.3)

where S denotes E[8)].



4.2

Let
I =v[o] (4.4)
V., =E,V|[Y]6]. (4.5)

mxm

Let Y, denote the r-th component of Y, and g, the corresponding component
of 41;. Also, write 4 to denote the 7-th row of A4,.

Suppose that Y, exists fori=1, 2, ..., n, and write
YT =(y7,...¥]) (4.6)

AT =(4],...47), 4.7)
where the upper 7' denotes matrix transposition.

Consider estimators ¥, of A, that are linear in Y-

Y, =a,+ Y7 «, (4.8)
1x1 1x1 Ixnm nmx]

where ¢, and o are to be determined.

Define
®, =E[7, - 4,(9)], (49)

which is a measure of error in the linearised estimator of y78

By (4.1a), (4.2) and (4.8), it is possible to write (4.9) in the form:
©, = E[a,+Ya- 4767 . (4.10)

Credibility estimators of u._ are those estimators of form (4.8) which use
optimal a, and &, ie , and « are chosen to minimise @, in (4.10).

Inhomogeneous credibility

The required optimisation of (4.10) is carried out in Appendix A (which largely
follows the technique laid down by Hachemeister (1975)), yielding the following
result.



yo= 4(1—2’)[ﬂ+i(1-2{)”2{é,,], (4.11)

where 7, is the m-vector with )A’,., as its r-th component, and

6, =(4v,4) 4y, (4.12)

zZ, =M,(1+M,) =(1+M,)" M, (4.13)

M, =A4V"4T (4.14)

Z  =MQ+M)' =(1+M)'M (4.15)

M = iM,,. (4.16)
=

Note that IA’, involves a “weighted average” of the prior mean S of 6 and the

~data based estimates §,. These latter estimates take the form of weighted least
squares regression estimates.

The weighted average form of (4.11) can be made clearer if it is re-written as
follows:

)4 =A,.[(1—Zr)ﬂ+2767:|, (4.11a)
where
] =(z’)"(1-z’) > (1-2{)"2{63,,

=(M7)" Y M7, [by (4.13) and (4.15)]

n - -1y,
={ZM[} > M6, (4.17)
h=1 h=1

This shows 6 also to be a “weighted average” of the regression estimates é,,.
The matrix Z is a credibility matrix representing the weight given to the data

based estimate & in Y.

Estimators (4.11) and (4.11a) are called inhomogeneous credibility estimators
because the first member inside the square bracket is a constant (ie independent
of the data) and renders (4.11) and (4.11a) inhomogeneous in the data vector Y.
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4.3

4.4

Note that a credibility estimator of the parameter vector & is obtained by setting

4=1

pxp
in (4.11a) (though not in (4.12) or (4.14)).
Homogenous credibility

The inhomogeneous credibility estimators (4.11) and (4.1 la) require knowledge
of the prior mean f. This is consistent with the situation outlined in Section 1.
However, it is interesting to consider the alternative case, in which this quantity

is unknown. It can be accommodated by setting a, =0 in (4.8), in which case
this estimator becomes homogeneous in the data vector Y.

The estimator (4.8) which results when it is restricted to be unbiased as an
estimator of Y, is referred to as a homogeneous credibility estimator.

i

In parallel with Section 4.2, this is obtained by minimising (4.10), but now with
a, =0 and subject to the unbiasedness constraint

E[Y,]=E,[, 6] | (4.18)

The necessary calculations are made in Appendix B, where it is found that

~

Y, =40. (4.19)

Thus, in the absence of a prior mean for 6, this parameter is estimated by just
@ . Note that this is not quite a classical estimator because, by (4.17), it is a

weighted average of the é;. with weights A, that depend on I, the prior
variance of 6.

Diagonal case

A case worthy of special consideration in Sections 4.2 and 4.3 is that in which
m=pand 4,V; and " are diagonal:

4, =diag (a,..a,) (4.20)
v, =diag (vy,v,) (4.21)
r =diag (7,,...7, ). (4.22)

Then (4.11) - (4.16) reduce to the following inhomogeneous result:

}A’,.r =aq, [(1—zr)ﬂ,+z,9-,J,r=1,2,...,p (4.23)
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with
z,  =v.)av/ [1 +7,2.a v;,‘] (4.24)
h=1 h=1
0—r = ),hr ahr v;rl /za:r vl:rl (425)
k=i h=1

and B, denoting the r-th component of p.

Note that the multi-dimensional case is here reduced to p applications of 1-
dimensional credibility.

It is also interesting to observe that dependency on ' has vanished from some of
these results. Thus, 9_, » and hence the homogeneous estimator (4.19), is now
quite independent of the prior for 8. Indeed, (4.25) may be recognised as a
classical estimator. Each quantity Y, a;' is an estimator of 6., and (4.25)
simply forms an average of these weighted by their reciprocal variances.
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5.1

Normal cell distributions
Parameter estimation

Consider the case in which the X(ij) of Section 3 are conditionally normally
distributed:

X@N16()~ N[6,()).6,())]. (5.1)

Now suppose that the “observation vector” Y, of Section 4 is;

y | XD 52
a [X(i,j)—)?(j)]znj/(nj-l) 6-2)

where
X() =2 XG,j)/n, (5.3)
i=]

and n; is the number of data points X(i,j) for given J.
In this case,
E[Y;16()]=6(), (5.4)

which is (4.1) with

4=1. (5.5)
It may be checked that
cov [X(i, [ X G, )~ X j)]z] =0, (5.6)

taking into account the normality, and hence zero skewness, of the X(ij).

Because of (5.6), V. defined in (4.5) is diagonal. Moreover, it is evident from
(5.1) that the stochastic properties of X(i,j) are independent of i. In particular,

V, =V,, independent of ;. (5.7)

i

If T is also diagonal, all conditions hold for the diagonal case of Section 4.4.
This means that results (4.23) - (4.25) are applicable.
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With (5.5) and (5 .7) taken into account, these are as follows:

A =(1-2)B8,+2,8, r=12, (5.8)

with

z,  =ny,/(v,+ny,) (5.9)

g = iy,,, /n. (5.10)
h=1

Recall that, in this notation from Section 4, the argument ; is suppressed and so
n; is written as just ».

Note also that the special case (5.2) implies constraints on the parameters S, I
and V. For example,

5, =EY,

=K [,\’(h,j)—)?’(j)]2 l(",- ‘1)

h=1

Y

= Ee(,.,E[Z"J [ X )= X)T 1(n, ~1)] 9(1')}

= By V[X(h, ) 16())]

—y, (5.11)

by (4.5), (4.21) and (5.7). The second last step in arriving at (5.11) used the fact
that the inner expectation is equal to a conditional sample variance.

Now write out the results (5.8) - (5.10) explicitly for the cases » = 1,2. Forr=
2, taking (5.11) into account,

Y,  =(l-z)y +2,0, (5.12)
with
z =y, /(v +n, 72) (5.13)

o, =§j: [X(h,j)—)?(j)]z/(nj—l). (5.14)
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5.2

In (5.12), Yiz is an estimator of f,, and so of v, (because of (5.11)). It may

therefore be inserted in place of v, 1n (5.9) for the case r = 1. In this case (5.8) -
(5.10) yield

Y, =(-z)B+2§ (5.15)

with

z, = nj}/l/();;2 +n; 7’1) (5.16)

& =X Xhj)in,. (5.17)
h=1

Here, (5.15) is a credibility estimator of 6,(j), the mean of X(ij), in terms of
B =E [0, ( j)], the prior mean, and 4, the mean of observations X(hj). This is
in fact the usual 1-dimensional credibility estimator derived by Biihimann

(1967) and with ¥, , the estimator of v, ultimately (z, =1) equal to the standard
estimator according to De Vylder (1981).

Thus, in the present case, credibility estimation of a distribution consists of the
usual credibility estimation of its mean, supplemented by one other equation,
providing credibility estimation of its variance.

Forecasts

Section 3 introduced the notation G*' (+) for an approximated Bayesian revision

of the d.f. of X(i,j) based on data X ‘(k). These Bayesian revisions apply to past
cells, i+ j<k.

Now consider forecasting X(i,j) for future cells i+ J >k on the basis of data
X'(k). Let X®'(, ) denote such a forecast, and let G*(i,j) denote the
associated predictive d.f, ie the estimated d.f. of X(ij) with mean X®" GJ0.

By assumption, G*”(i, j) is normal, and so will be characterised by its first two
moments. Now

X@N=XYG ) =[X6N-6D]-[Xx* G, )-6()]. (5.18)
By (5.1) and the fact that X*"(j, ;) is an unbiased estimator of 6,()),
E[X(i, N=-X*"G,j)]=0. (5.19)

The forecast X**(i, j) can be taken as ¥, for the relevant value of J» given by
(5.15). Then
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XGN=XG ) =[XG, ) =6,(N]-(1-2)[ 8 -6,()]-= [6-6.()] (5.20)
Hence,
VXD =X )= By V [X G, 1)16,0)]

+(1=2)V[0D]+ 2 E,, 7 [1, ] (5.21)

where use has been made of the fact that the three summands on the right side of
(5.20) are stochastically independent. In particular, the independence of the first
and last of these summands derives from the fact that the first relates entirely to

the future, while the last, involving 0—] , relates entirely to past observations.
By (5.10), (4.5) and (4.21),

E V[XGN6()]=v,

Ey )V [816,()]=v/n,.

Substitution of the results, and (4.4) and (4.22), in (5.21) yields

v[xa,n- X®'(, )] =(=z2)2 0, +v, (1+2/n;). (5.22)
This quantity may be estimated by

(1-2 ) 5 +7, (1+23 /n)). (5.23)
Note that (5.16) may be rewritten in the form:

z,ﬁz/nj =(1-z)7, (5.24)

so that (5.22) has the alternative form:

V':X(i,j)—X“‘)*(i,j)]——-(l—z,)2 7tV +z, (l—z,)}/1
=v,+(1-2)y,. (5.25)
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6. Application to motivational example

The results of Section 5 are illustrated by application to the data set out in Table

2.1. The last row of that table gave values of f, for the various j. These are
incorporated in Table 6.1 which gives other parameters needed for application of
Section 5.

Table 6.1 Credibility parameters

j=0 1 2 3 4
B, 1,000 4,000 2,000 500 200
B, (=v,) (400)° (1,020)? (500)> (200)? (100)*
7, (100)° (200)? (200)? (150)? (100)?
¥, 1v, 0.5 0.5 0.5 0.5 0.5

It is evident from (5.13) that the ratio 7, /v,, rather than individual values of s

and v,, is sufficient to determine Z,. Just this ratio is given in the table as it
may be easier to form a prior view of it rather than its components.

Table 6.2 gives the summary statistics 8, which serve as input to the credibility
results.

Table 6.2 Summary statistics

Jj=0 1 2 3 4
Atk=0:
8 1,069
o, 400
Atk=1:
a 1,051 4,249
1
0, 25 1,000
Atk=2:
2 1,080 4,072 1,818
. 53 268 500
2
Atk=3:
23 1,091 3,956 1,973 426
a. 49 219 168 150
2
Atk=4:
§l 1,056 3,957 1,936 461 215
g, 90 219 169 49 100
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Note that when j = £, 52 is undefined in (5.14) since n . =1. Hence, };iz is taken
to be v,.

Tables 6.3 to 6.5 display:

e credibility factors
e credibility estimates
e credibility forecasts

respectively. Note that z, in Table 6.3 draws on Table 6.4 (see (5.16)). Table
6.4 applies estimates (5.12) and (5.15), ie “mean” is an estimate of

E[ﬁ, X ’(k)], while “s.d.” relates to a Bayesian revision of the “within cell”
variance v,, also based on data X '(k).

The estimates in Table 6.4 relate to past cells, as taking into account data up to
and including the nominated experience year k. On the other hand, Table 6.5
gives forecast parameters at each value of k, deriving each root mean square
error of prediction (RMSEP) from (5.23).

Table 6.3 Credibility factors

j=0 1 2 3 3
Atk=0:
z | 0.059
z, | 0333
Atk=1
z | 0199 0.074
z,| 05 0.5
Atk=2
z | 0313 0.213 0.324
z, | 06 0.6 0.6
Atk=3
z | 0421 0.305 0.610 0.8
z, | 0.667 0.667 0.667 0.667
Atk=4
z, | 0.493 0.385 0.686 0.932 0.833
z, | 0714 0.714 0.714 0.714 0.714

Note that the z, does not vary with J because of the assumption in Table 6.1 that
¥, /v, does not vary.
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Table 6.4 Credibility estimates of parameters

j=0 1 2 3 4
Atk=0:
mean 1,004
s.d. 400
Atk=1:
mean 1,010 4,018
s.d. 283 1,000
Atk=2:
mean 1,025 4,015 1,941
s.d. 256 666 500
Atk=3:
mean 1,038 3,986 1,984 441
s.d. 234 604 320 150
Atk=4:
mean 1,028 3,983 1,956 463 212
s.d. 227 566 303 90 100

Table 6.5 Credibility forecasts of parameters

j=0 1 2 3 4

Atk=0:;

mean 1,004
RMSEP 413
Atk=1:

mean 1,010 4,018
RMSEP 303 1,021
Atk=2;

mean 1,025 4,015 1,941
RMSEP 279 700 547
Atk=3;

mean 1,038 3,986 1,984 441
RMSEP 260 643 389 | 220
Atk=4:

mean 1,028 3,983 1,956 463 212
RMSEP 253 608 374 179 146

As an example of forecasting outstanding losses, consider accident year 1997 at
theend of j=1,ie k=4. The outstanding losses are
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4
> X(1997, )),

j=2
and Table 6.5 gives the mean and variance of this quantity as:

mean = 1,956 + 463 + 212 =2,632
sd.  =(374)" + (179) 2 + (146) = (440) 2.

These compare with prior estimates (Table 6. 1):

mean = 2,000 + 500 + 200 = 2,700
sd. =(200)? + (150) + (100) 2 + (500) > + (150) 2 + (100) 2 =(596)>.

Figure 6.1 provides a comparative plot of the two normal distributions, the prior
and the credible distribution.

Fig 6.1
Development years 2 to 4
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A more realistic example

The present section will illustrate the results of Section 5 by reference to the
same real data set as used in Section 9 of the earlier paper. The data appeared
there in Table 9.1 in the form of incremental paid losses.

Table 9.2 of that paper converted them to logged age-to-age factors, and for
convenience these are reported here as Table 7.2. The underlying incurred
losses, adjusted to constant dollar values for inflation, appear in Table 7.1.
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The quantities appearing in Table 7.2 provide the “observations” for the
example. The prior estimates of parameters are as set out in Table 7.3.

Table 7.3  Prior parameter estimates

J B, (ﬂz )%

0 0.60 0.152

1 0.20 0.122

2 0.10 0.097

3 0.05 0.078

4 0.03 0.062

5 0.02 0.050

6 and later 0 0.19x 0.8’

These parameter values are consistent with their counterparts in Table 9.3 of the
earlier paper.

Other parameters are:

vl = 182
v,  =(025+0.05;) v,
¥/v, =05
v, /v, =02,

The results of Section 5 are applied to this example. The detailed calculations
appear in Appendix C.

Tables C.11 and C.12 in particular give forecast parameters of the normal
distributions associated with the ultimate incurred losses of each accident year,
as 1t develops from its start to the completion of experience in 1995.

Figure 7.1 illustrates excerpts from these tables, showing a selection from the
developing distribution of incurred losses associated with accident year 1980.
The distributions plotted represent forecasts at the ends of 1980, 1981, 1983,
1988 and 1995 respectively.

The different distributions can be identified by their increasing concentration
(and therefore increasing peak height) with increasing development. Thus, the
distribution at the end of 1995, with only two years of development remaining, is
highly concentrated.
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Probability density

Fig 7.1
Accident year 1980

I
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— At end 1983
— At end 1988
— At end 1995
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8.1

Models spanning different development years
Theory

The models dealt with in Sections 5 to 7 were described by (5.1) which assumed
that each development year was characterised by two parameters. Those
parameters were specific to their own development year and no other.

As a result, the model applied in Section 7 assumed 32 parameters. It will often
be possible to describe an accident year more parsimoniously than this, by
assuming the parameters to be represented by parametric functions of (say)
development year.

For example, suppose that the vector a(j)= [91 ( s ( j)]T appearing in (4.1)
can be expressed in the form:

0,
6,(N=2. 2", r=12,..p, (8.1)
g=l

where u,‘”(-),...,ug’ ’(+) are pre-defined functions and the A" are constants to

be estimated.

Now (8.1) may be written in matrix form:

6. =U" 1", =12,..,p, 8.2
I Ix0. O.xl g p (8.2)
where

6, =[0.0..6U-n]

29 =[4,..207T

and U is the matrix with (j,g)-element equal to u.”(}).

Equations (8.2) may be stacked to yield

0 =U A, (8.3)
pJx1 pIxQ Ox1
with
p
o =>0 | (8.4)
r=1
o =[g..07 (8.5)

1 _ [ﬂa)r,'__’l(m]r (8.6)
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and U is the matrix with diagonal block form:
U = diag [U“’,...,U(”’]. (8.7)
Equation (8.3) reduces the number of parameters to be estimated from pJto Q.

Now consider a real m-vector random variable Y;, relating to cell (i,j), with d.f.
characterised by 6(), and suppose that (4.1) holds.

Since 6(}) is just a sub-vector of &, (4.1) may be expressed in the form:

E[xj |9J =B 9, (8.8)

mx1 mx pJ
for a suitable matrix B,.j )

Substitution of (8.3) in (8.8) yields

E[Y,|0]=B,UA

=C, A (8.9)
mij ox1
with
C,=B,U. (8.10)

It is now possible to apply the credibility theory of Section 4 to obtain credibility
estimates of

1y (O)=E[Y;16]. (8.11)

As in Section 4, assume that the Y;|6 form a stochastically mutually

independent set. Also assume that A is a single realisation of some latent
variable.

Equations (8.9) and (8.11) correspond to (4.1a) and (4.2) respectively. The
remainder of Sections 4.1 to 4.3 go through for the present model if certain
changes are made.

In Section 4, each parameter 4(;) applied to a specific development year ;.
Hence, parameter estimation was carried out separately for each development
year; the whole of the reasoning from (4.1a) to the end of Section 4 applies to a
fixed (but arbitrary) development year. The development year argument is
suppressed in the notation.
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Parameter estimates, such as é,, (see (4.12)), relating to particular accident years
h, were based on data ¥, (actually Y,; with the j suppressed).

In the present case, this separate treatment of development years is not possible.
The model (8.9) causes all development years to be dependent on the same set of
parameters A. This means that the parallel to (4.12) in the present case must
depend on all data in respect of accident year h.

It will be necessary to change the earlier notation so that the argument j appears
explicitly. Let Y, denote the r-th component of Y, (denoted just Y, in Section
4). Then the totality of data in respect of accident year i is

¥ =(Km,x”,,”,Yuil,Koz,...,YUiz,...,KOM,...,YUi,,,), (8.12)

for some integer J,.

By (8.9), Y, may be expressed in the form:

e g B (8.13)
m(J;+1)x1 m(J+1)xp @x1

with

G =(CirsChirCha) (8.14)

and C; denoting the r-th row of Gy -

yr

With these definitions, Sections 4.1 to 4.3 go through for the present model if the
following replacements are made:

0« A (8.15)
4 «C. (8.16)

In the present context,

r =v[4] (8.17)
oxQ

v, =EV[Y|i] (8.18)
m(J;+1)xm(J; +1)
o =(c,...cT). (8.19)

The inhomogeneous credibility estimator )A’, of u, (6?) 1s given by (4.11) - (4.17)

subject to the replacements (8.15) and (8.16). Similarly, the homogeneous
credibility estimator is given by (4.19) with the same replacement.
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8.2

8.2.1

Diagonal case
Credibility estimates

Consider now the diagonal case of Section 4.4. This cannot be extended directly
to the present context because C, (the counterpart of 4, in Section 4.4) will
usually not be diagonal.

Suppose, however, that m = p and B, in (8.8) takes block diagonal form:

B;  =diag (B{",B,...B{") (8.20)

y

with B\, r=1,..,p, of dimension 1 x J.

By (8.7), U is also block diagonal with U’ of dimension J xQ. (see (8.2)).
Then (8.10) gives

C, =diag (c,;”,...,c,;f')) (8.21)

with C{” of dimension 1 x Q..

By (8.14), C; also takes block diagonal form:

C = diag (C",...C?), (8.22)
P(J+1)xQ
with
(JC;'(;)Q =(Q(J’T,C}(I’)T,...,CL(,:)T)T. (8.23)

Now suppose, in addition, that ¥, and " have block diagonal form:

v, =diag (¥*,...7) (8.24)
I =diag (r“),...,r“’)) (8.25)

with V" having dimension (J, +1)x(J, +1) and T of dimension Q, xQO..
Let

,g“’ =E[A"], r=1,..,p. (8.26)
), X1
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8.2.2

Now apply the results of Sections 4.1 to 4.3 with replacements (8.15) and (8.16).

The matrices M, and Z, in (4.14) and (4.13) respectively all take block
diagonal form, eg

M, =diag (M,f”,...,M,fP)) (8.27)
with
MO =" (K0T ¢ o, (8.28)

0.x0, O x(J,+1) (Jy+1)x(J, +1) (Ir+)x0, 0.x0,

This causes the counterpart of the main result (4.11) to decouple into p separate
equations just as in (4.23), specifically:

e [[I—Z"’T],B") +Z"’TZ")], (8.29)

where 7" is the credibility estimate of the r-th component of E[Y,|6], and

- ~1

w0 =[S ] S 530
= e

R — _ -1 -

i <[ar T e T e re T v, @30

. . T
with ¥ denoting the vector [Y;fo’ S A4l I
Forecasts

As in Section 5, let the forecast future values of X{i), based on data up to period
k, be denoted by X*”(;).

Consider the case in which ¥, = X (i, j). If ¥ from (8.29) is adopted as the
forecast, then the prediction error is

}’;(l) _)}(l) — X(i)_C_(l) [(1 —Z(I)T),B(l) + Z(I)TZ(I):I
- [X(i) —CO 1M ] —-c® [1 _ Z“’T]I:,B(” _ /1“)]
—-CchzoT [/T“’ —/l“’], | (8.32)

and the MSEP is
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8.3

v[ro- PO 1=v[X@)-C0A0 ]+ cO [1-z9 r (a9 [1-29 o
+C ZW7 V[I(”]Z“)CI.(”T
- Vim + C,-“) [1 —Z("T]F“) [1 _Zm:l C,.‘”T
+CVZOTY [ X0 ]Z20c0T, (8.33)

With some routine algebra, it may be shown that

v[Z ®]=r® [M‘”]" =r®[1- Z‘“][z“)]" . (8.34)
Substitution of (8.34) in (8.33) yields

MSEP[ 7 | =¥ + COr® [1-20]cor, (8.35)
which is parallel with (5.25).

Example

Consider again the example dealt with in Section 7. Continue to assume that
X(E N6~ N[6,()).6:,()), (8.36)

where the X(i,j) denote the logged age-to-age factors represented in Table 7.2.
Also continue to let

X(@, j)
Y, = o =, , (8.37)
[X@)=EN] n, 0, -1)
with X () defined by (5.3).
Now assume the following parametric form for 4(;),j=0,1, 2, ..., 16:
6,() = A (j+1)7+ A0 (j+1)° (8.38)
6,(j) = A7 x(0.8)". (8.39)
Comparison of (8.38) and (8.39) with (8.1) yields
My e s -2
()= (G +1) (8.40)
#P(N= G+~ (8.41)

w2 ()= (0.8)". (8.42)
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Thus application of (8.3) — (8.7) to the present example gives

G =U A (8.43)
34x1 34x3 3x1
with

0" =[6,0),...6,(16),6,(0),....6,(16)] (8.44)
a7 = [/151),]2(1),21(2)] (8.45)
U  =diag [U“’,Um] (8.46)

U® is the 17 x 2 matrix with j-th row (j‘z,j'3) and U® is the 17 x 1 matrix
with j-th entry (0.8)"V™.

Just as in Section 7,
E[¥;10]=60) (8.47)
and so (8.8) yields

_J0..0 1 0.0 0 0.0
77100 0 0.0 1 0.0l

2x34
column  column ' (8.48)
Jj+1 Jj+18

Then, by (8.10),

+1)7 (j+1)° 0

G = (+1)7 (+1) AN (8.49)
2x3 0 0 (0.8)*/
and, by (8.14),
c = 1 1 E 0

22 273 i 0

Ji+1)? (6733 R

o o I
0 0 5 (0.8)°
0 0 E ©0.8)% | . (8.50)




32

Results (8.29) — (8.31) hold for the present example. The covariance matrix v
appearing there can be estimated as follows. By (8.18) and (8.24),

v =E v[x(h) 1] (8.51)
where
X(h) =[X(h,0),X(n1),.] . (8.52)

Combine (8.36) and (8.39) with (8.51) to obtain

v® = E, A? diag [1,0.8,(0.8)2,...]
= A diag [1,0.8,(0.8),..]. (8.53)

It is assumed that V” is diagonal with (jj)-element equal to

[0.25 +0.5(j+ 1):|2 times the corresponding element of V",

From (8.29), B is estimated, without bias, by

Bl(z) - [I—Z‘Z)T:],B‘Z’ +Z@r Zm, (8.54)
and so 7" is estimated by

B® diag [1,08, (0.8,...]. (8.55)

Substitution of (8.55) in place of ¥ in (8. 28) produces an estimated credibility
matrix parallel to (5.16).

The above calculations are carried out for the sequence of data triangles
X'(k),k=2,3,..,16. Since the X (i,j) are logged age-to-age factors, this

sequence consists of 3 x 3, 4 x 4, ..., 18 x 18 triangles of incurred losses from
Table 7.1.

The prior parameter values are:

0.97
pY { 0 37J A? =(0.19x0.8)’

02 0
W @ _ 2
r {o 02] ' =(0.02)".

Excerpts of the results are given below at the same dates as in Figure 7.1.



At end 1980:

0.53  0.43
z" 2[0 43 0 50} z%=0.12

Atend 1981:

200 _ 0.60 0.39 20 ~0.26
0.39 0.57

At end 1983:

Z0 [07L 030] gy
0.30  0.68

At end 1988:

70 _ 0.84 0.16 7@ Z 0,69
0.16 0.82

At end 1995:

y [0.92  0.08 )
AL Zz? - 0.81
0.08 091
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Table 8.1 gives estimates );,,(1) in which V,,(') has been replaced by (8.59), as

discussed above. These may be used to estimate ultimate claims incurred for
each accident year on the basis of any particular data triangle.

£

For example, consider triangle X "(k), yielding estimates f’,f”, h=0,1, ..k
where 1" is a (k+1-h)~vector. Extend each of these vectors o a 17-vector

¥, by inserting prior estimates for the missing values:

Fy,h(l) ]

e Ch,ku—h’1

O =/ : (8.56)
__Ch,l6/?' i

Write w, for the 17-vector:

w! =[o, a0, 11 :’ (8.57)
———— —
k+l-hterms  16—k+h terms

Then

R’S’) (k) =w; }‘,‘;l-(l) (k),h =0,1,...,k, (8.58)

which is the estimated logged age-to-ultimate factor for underwriting year 4 on
the basis of data triangle X" (k).

The MSEP of the R (k) may also be estimated. The estimates are given by

R (k)=w] MSEB w,, h=0,1,..F, (8.59)
17x17
with
. |MSEP[FO] o
MSEP, { [ " ] J (8.60)
O %

where the upper left block is given by (8.35) and the lower right block consists
of the prior estimate of covariance matrix. This latter may be obtained by setting
Z"=0 in (8.35) and replacing ¥, by its estimate V", and selecting the
relevant sub-matrix.

Equations (8.58) and (8.59) generate triangles of RO (k) and R® (k). These

are set out in Tables 8.3 and 8.4, where the factor shown for development year j
applies to the case where this is the latest development year in the data triangle
for the accident year concerned, ie / + Jj=k
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Just as in Sections 5 to 7, all distributions of logged age-to-age or age-to-
ultimate factors are normal. Thus, estimates of logged ultimate incurred losses,
derived from Tables 7.1, 8.3 and 8.4, are also normal. This leads to the
estimates of (unlogged) ultimate incurred losses in Table 8.5.

Figure 8.1 corresponds to Figure 7.1, giving a plot of the evolving distribution of
estimated ultimate incurred losses for accident year 1980.

Figure 8.1
Fig 8.1
Accident year 1980
=
® — Atend 1983
ko) — Atend 1985
=y — Atend 1988
S — Atend 1991
[ — Atend 1995
o

30 40 50 60

Incurred losses ($000)
Thousands
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Appendix A

Derivation of inhomogeneous credibility formula

Section 4.1 required minimisation of:

D, =E[aO+YTa—AL9T.

Optimise on «, by setting 6@, /e, =0
E[a,+Y'a-460]=0.

Substitute this in (4.10):

@, = E{[Y’ ~E[Y" |]a-4 (0-—,8)}2 .

Optimise on & by setting 6@, /da =0:

E{Y-E[Y{[v -E[v" J]a-4 (0-B)}=o0.

ie

V[Y]a=Cov[Y,4l0].

By (4.6),
Cov[ ¥, 476
Cov| Y, 4]6]= :
i Cov[Yn , A,fﬁ]
and

Cov[Yh,A,fH] = E{[Y; _Ah0]+Ah (0—,3)} x{(g_ﬂ)r Air}

=AT A,

by the independence assumptions set out in Section 4.1.

(4.10)

(A.1)

(A.2)

(A.3)

(A4)

(A.5)

(A.6)
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Similarly, V[Y ] takes the block diagonal from

a4 Vo oo ¥,
v[r]= < : (A7)
with
Vi =06,V,+A4,T 4, (A.8)

mxm

and o,; denoting the Kronesker delta.

When V[Y] is put in the block form (A.7), it enables (A.4) to be expressed as n
equations, of which the h-th is:

2 Vi@, =Cov[ 1, 410],  h=1,2,.,n, (A.9)
4
where
a’ =(a,r,...,a:). (A.10)
1xm

Substitute (A.6) and (A.8) into (A.9):
Vi, +A,,1‘(ZA;ag]=AhrA,.,. (A.11)
4

Pre-multiply by 4] ¥, and sum the result over A:

(1+M)(ZA;ag]=MA,.,, (A.12)

4

with

M=>M, (A.13)
h=1

M,=ATV' 4,T. (A.14)

Then

2 Aa, =74, (A.15)
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with
Z=(1+M)"M=M(1+M)",
Substitute (A.15) into (A.11) to obtain:
a, =V,'AT(1-2)4,.

Define

O,=(47 v, 4,) A V'Y,

which is the weighted least squares regression estimate of 8 based on data Y,.

Also define

Z,=(1+M,)" M, =M, (1+ M,)".

Then

6,2, =Y[vV,' 4, (4 4) M,(1+M,)"

=YV 40 (1+M,)"
=YV 4T (1-2,),

where use has been made of the fact that
1-2,=(1+M,)",
by (A.19).

By (A.20),

6,2,1-2,)"' (1-2)4, =¥ v A4T(1-2)4, =Y a,.

Then

Yia =3 Ye=3627(1-2)"(1-2)4,
h h

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)
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It remains to evaluate @,. By (A.1)

o = AB-E[Y]a
=B'4, - Aa [by (4.1a), (4.6) and (4.7)]
= p7(1-2)4,,

by (A.15).
Substitute (A.23) and (A.24) in (4.8):

7, =[ﬂf+zé:zh(1—z,,)"}<l—zm.

Equivalently,

Y, =41(1—2’)[ﬂ+2(1—25)"Z{éh],

h

and so
7 =A,.(1-ZT)[,3+Z(1—Z,T)"Z{§,,],

where ¥, is the m-vector with ﬁ, as its r-th component.

(A.24)

(A.25)
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Appendix B

Derivation of homogeneous credibility formula

The estimator (4.8) of 4, is modified to the following homogeneous form:

¥ =YTa, (B.1)
subject to the unbiasedness constraint

E[Y, |=E,[%,16] (B.2)
This condition reduces to:

Aa=4, (B.3)
by (B.1) (4.1a), (4.6) and (4.7).

The argument below largely follows Taylor (1977).

The loss function to be minimised is still (4.9), but now subject to constraints (B.1) and
(B.3). Therefore, define, in place of (4.10),

Ixp

©, =E[Ya-40]-"(4a-4,) (B.4)
prxl
where A is a Lagrange multiplier.

By (4.3), (4.6) and (4.7)
E[Y'a]= "4

= A B, (B.5)
by (B.3).

Substitute (B.5) in (B.4):

o, =E{[v-£[r Ja-4 (0-p)f ~47(da-4,). (B.6)
Differentiate with respect to & and set the result to zero:

E{Y—E[Y]}{[YT—E[Y’]]a—A;(é-,/J)}~A,1=o. (B.7)
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This result replaces (A.3) in the inhomogeneous case. The earlier results (A.6) to (A.8)
still hold. Substitute these in (B.7) to obtain n equations of which the h-th is:

Ve, + A,,F(Z AgragJ— ATA, -A44=0, (B.8)
4

which replaces (A.11).

Now follow the same procedure as led from (A.11) to (A.17), obtaining:

@, =V AT(1-Z)4,+V;'4,(1-T Zr)A. (B.9)
Pre-multiply by 4’ :

A, = VAT (1-Z) A4, +( 4V, 4, - AT v, 4TZI™) A
= M,(1-2) 4, +( 4]V, 4,-M,ZT") 4, (B.10)
by (A.14).

Sum over 4 and apply constraint (B.3):

4, =M(1-2Z)4, +(MT" -Mzr" )2 [by (A.13) and (A.14)]
= 74, +[1—M(1+M)“}Mr",1 [by (A.16)]
= Z4, +(1+ M) MT"'4
=ZA4 +ZI"'4, (B.11)
by (A.16).
Solve for A:
A =TZ'(1-2)4,. (B.12)

Substitute (B.12) in (B.9):

@ =V,4T(1-Z)4, +V,4,(1-TZ0")TZ7 (1-Z) 4,
=V,'A4TZ7 (1-2) 4,
=V'4TM™ 4, (B.13)

by (4.15).
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Then

Ve, =YV'4TM ™4,
= 7 (47, 4,)TM 4,
=0TM M4,

by (4.14).

Thus, by (B.1),

i;;r = Zthah =[zé:Mh:]M—l4r
h h
= 4, (MY Y M6,
h
= 479,

by (4.17).

So

Y, =40

[by (4.12)]

(B.14)

(B.15)

(B.16)
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