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Abstract

This is the second of two papers in which we estimate transition

probabilities amongst levels of disability as defined in the Australian

Survey of Disability, Ageing and Carers. In this paper we describe

our estimation procedure, followed by its implementation, discussion

of results and graduation of the estimated transition probabilities.

1 Introduction

Our aim in this paper and its accompanying paper, Hariyanto et al. (2012a),

referred to as Paper I, is to develop a method to estimate the probability

of transition at individual ages between disability states as defined in the

Survey of Disability, Ageing and Carers (SDAC) produced by the Australian

Bureau of Statistics (ABS). In Paper I we describe the main tools (models)

of the method and the estimation of the numbers of individuals in different

disability categories at annual intervals from 1998 to 2003. In this paper we

describe our method, followed by its implementation, discussion of results

and graduation of the estimated transition probabilities.
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2 Assumptions and Notation

In this paper, we assume that the population and overseas migrants who

are aged x last birthday (where x is an integer) are aged exactly x + 0.5.

We consider ages 60.5, 61.5, . . . , 109.5. In addition, we assume that only

one transition is possible over a one-year period. We define the following

notation.

• NOMn
x+0.5(t, t + 1) denotes the number of net overseas migrants from

the middle of year t to the middle of year t+ 1 where the migrants are

aged x+ 0.5 and in state n (n = 0, 1, . . . , 4) when they migrate.

• Inx+0.5(t) denotes the number of net overseas migrants between the mid-

dle of years t − 1 and t who attain age x + 0.5 and are in state n

(n = 0, 1, . . . , 5) at the middle of year t.

• Nn
x+0.5(t) denotes the size of population aged x + 0.5 and in state n

(n = 0, 1, . . . , 4) at the middle of year t.

• N̊n
x+0.5(t) denotes the size of population aged x + 0.5 and in state n

(n = 0, 1, . . . , 4) at the middle of year t assuming the absence of overseas

migration between the middle of years t− 1 and t.

• Dx+0.5(t) denotes the number of deaths between the middle of years

t− 1 and t from the population and net overseas migrants (those who

migrate between the middle of years t− 1 and t) who are aged x− 0.5

at the middle of year t− 1.

• D̊x+0.5(t) denotes the number of deaths between the middle of years

t−1 and t from the population aged x−0.5 at the middle of year t−1.

• Nm,n
x+0.5,x+1.5(t, t+ 1) denotes the size of the population aged x+ 0.5 (for

x = 60, 61, . . . , 108) and in state m (m = 0, 1, . . . , 4) at the middle of

year t, and aged x + 1.5 and in state n (n = 0, 1, . . . , 5) at the middle

of year t+ 1. These are the real one-year longitudinal data.
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• P̄m,n
x+0.5,x+1.5(t, t + 1) is the initial estimate of the probability that an

individual aged x + 0.5 (for x = 60, 61, . . . , 108) and in state m (m =

0, 1, . . . , 4) at the middle of year t makes a transition to state n (n =

0, 1, . . . , 5) before reaching age x + 1.5. This probability is calculated

from the conditional disability transition probabilities (i.e. probabil-

ity of deteriorating, improving or staying in the same disability state

conditional on survival) estimated in Section 4.3.3 of Paper I and the

one-year death probability applicable at the middle of year t (discussed

later).

• N̂m,n
x+0.5,x+1.5(t, t + 1) denotes the estimate of Nm,n

x+0.5,x+1.5(t, t + 1) cal-

culated from P̄m,n
x+0.5,x+1.5(t, t + 1). This is the initial estimate of the

one-year longitudinal data.

• Ñm,n
x+0.5,x+1.5(t, t+ 1) denotes the refined estimate of Nm,n

x+0.5,x+1.5(t, t+ 1)

(discussed later).

3 Estimation of Net Overseas Migration

In this section we describe the estimation of net overseas migration,

NOMn
x+0.5(t − 1, t), for n = 0, 1, . . . , 4 and t = 1999, 2000, . . . , 2003. From

these estimates we calculate Inx+0.5(t) (for n = 0, 1, . . . , 5 and

t = 1999, 2000, . . . , 2003). The data for the estimation are from the overseas

migration statistics published by the ABS (ABS, 2000, 2001, 2003, 2004b).

Overseas migration consists of four components: permanent movement, long-

term movement (arrivals and departures involving a period of 12 months or

more), short-term movement (arrivals and departures involving a period of

less than 12 months), and category jumping (the change between actual and

intended duration of stay of travellers to and from Australia).

In adjusting the estimated disabled population for overseas migration,

we only consider permanent and long-term movement (in line with the mea-

surement of ERP). Estimates of permanent and long-term movement from

one mid-year to the next from 1998 to 2002 are provided by the ABS. The

estimates from 1998 to 2000 are not adjusted for category jumping (ABS,
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2005). The NOM is calculated as total permanent and long-term arrivals

minus total permanent and long-term departures. Table 1 below presents

the estimate of NOM in 1999 for males and females.

Age Males Females

(years)

60–64 300 198

65–69 159 −6

70–74 30 −15

75 and over −44 −195

Table 1: NOM for the year ending 30 June 2000.

Source: ABS (2001)

For ages 60 and over, the NOM is very small in comparison with the size

of the disabled population (see Tables 6 and 7 of Paper I). Therefore, error

in the estimation of NOM (including the error which arises from category

jumping) is likely to have an insignificant effect on the estimated transition

probabilities.

The NOM at single ages is estimated under the cumulation-differencing

method using Sprague’s formula. Regarding the overseas migrations, we

assume the following.

(1) Zero overseas migration for ages 95 and above.

(2) Overseas migrants who migrate between the middle of years t and t+1

have the same disability prevalence rates as the population at the same

age at the middle of year t+ 1.

(3) Half of overseas migrations between the middle of years t and t + 1

occur at the middle of year t and half at the middle of year t+ 1.

(4) The probabilities P̄m,n
x+0.5,x+1.5(t, t + 1) are applicable to the overseas

migrants.

Therefore, the Inx+0.5(t) (for n = 0, 1, . . . , 5; t = 1999, 2000, . . . , 2003) are
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calculated according to:

Inx+0.5(t) =
1

2

4∑
m=0

(
NOMm

x−0.5(t− 1, t)× P̄m,n
x−0.5,x+0.5(t− 1, t)

)
+

1

2
NOMn

x+0.5(t− 1, t). (1)

The calculation of P̄m,n
x+0.5,x+1.5(t, t + 1) together with the estimation of

N̂m,n
x+0.5,x+1.5(t, t+ 1) are described in Section 4.

4 Initial Estimation of One-Year Longitudi-

nal Data

In this section we describe the estimation of N̂m,n
x+0.5,x+1.5(t, t+ 1). Firstly, we

need to calculate the P̄m,n
x+0.5,x+1.5(t, t+ 1) which we do as follows.

P̄m,n
x+0.5,x+1.5(t, t + 1) is calculated by incorporating a time trend into the

one-year death probability, while the conditional disability transition prob-

abilities (i.e. conditional on survival) are as estimated in Section 4.3.3 of

Paper I. Specifically (for m = 0, 1, . . . , 4):
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P̄m,n
x+0.5,x+1.5(t, t+ 1)

=



(1−Mortality(x+ 0.5, t,m))×
Deteriorate(x+ 0.5,m, n) : m < n ≤ 4,

(1−Mortality(x+ 0.5, t,m))×
(1−Deteriorate From(x+ 0.5,m))×
(1− Improve From(x+ 0.5,m))

: n = m,

(1−Mortality(x+ 0.5, t,m))×
(1−Deteriorate From(x+ 0.5,m))×
Improve From(x+ 0.5,m)

: 0 ≤ n = m− 1,

Mortality(x+ 0.5, t,m) : n = 5,

0 : n < m− 1,

(2)

where

Mortality(x+0.5, t, n) is the Mortality(x+0.5, n) applicable at the middle

of year t, and

Deteriorate(x + 0.5,m, n), Deteriorate From(x + 0.5,m) and

Improve From(x + 0.5,m) are as estimated in Section 4.3.3 of Paper

I.

The value of Mortality(x + 0.5, t, n) is calculated by incorporating a

time trend into the healthy mortality component (Overall Mort(x+ 0.5)) of

Mortality(x+0.5, n) (see Section 4.3.3 of Paper I) while the additional mor-

tality due to the disability component is still assumed to be time invariant.

Specifically (for n = 0, 1, . . . , 4):

Mortality(x+ 0.5, t, n) =

Overall Mort(x+ 0.5, t) + Additional Mort(x+ 0.5, n) (3)

where
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Overall Mort(x + 0.5, t) is the Overall Mort(x + 0.5) applicable at the

middle of year t, and

Additional Mort(x+ 0.5, n) and its values are as described in Section 4.3.3

of Paper I.

The Overall Mort(x + 0.5, t) is estimated by matching the total num-

ber of deaths between the middle of years t and t + 1 from each disability

category (where the one-year death probability of disability category n (for

n = 0, 1, . . . , 4) is calculated according to (3)) with the total number of

deaths if the whole population (total population across disability categories)

experience mortality rates as specified in the Australian Life Table (ALT)

in the relevant years (the ALTs are obtained from the ABS (2008)). In the

estimation, deaths from overseas migrants are considered (due to assumption

(3) of Section 3, we only need to consider those who migrate at the middle

of year t). The one-year life table death probability (which is applicable to

the whole population) from age x+ 0.5 which is applicable at the middle of

year t (qtx+0.5) is calculated using:

qtx+0.5 = 1− ptx+0.5 = 1− exp
{
−0.5×

(
µtx+0.5 + µt+1

x+1.5

)}
(4)

where µtx is the force of mortality at age x which is estimated from the

ALT applicable in year t. The forces of mortality at ages above 100 are

extrapolated using Gompertz formula.

The N̂m,n
x+0.5,x+1.5(t, t + 1) are then calculated using (for m = 0, 1, . . . , 4;

n = 0, 1, . . . , 5)

N̂m,n
x+0.5,x+1.5(t, t+ 1) = Nm

x+0.5(t)× P̄
m,n
x+0.5,x+1.5(t, t+ 1). (5)

The Nm
x+0.5(t) for m = 0, 1, . . . , 4 and t = 1998, 1999, . . . , 2003 are es-

timated in Part I of the paper (note that we assume that the population

who are aged x last birthday are aged x + 0.5 exact). From these esti-

mates, we calculate N̂m,n
x+0.5,x+1.5(t, t + 1) for m = 0, 1, . . . , 4;n = 0, 1, . . . , 5

and t = 1998, 1999, . . . , 2002.
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5 Refined Estimation of One-Year Longitudi-

nal Data

In this section we refine the initial estimate of one-year longitudinal data cal-

culated in Section 4. The refined estimates are denoted by Ñm,n
x+0.5,x+1.5(t, t+

1). We begin by describing the outline of the procedure, then describe the

actual steps of the estimation.

5.1 Outline

Consider a period from the middle of year t to the middle of year t+ 1. Note

that

Nn
x+1.5(t+ 1) =

4∑
m=0

Nm,n
x+0.5,x+1.5(t, t+ 1) + Inx+1.5(t+ 1)

for n = 0, 1, . . . , 4 and

Dx+1.5(t+ 1) =
4∑

m=0

Nm,5
x+0.5,x+1.5(t, t+ 1) + I5x+1.5(t+ 1).

Adjusting Nn
x+1.5(t+1) and Dx+1.5(t+1) to exclude net overseas migrants

who migrate between the middle of years t and t+ 1 we have

N̊n
x+1.5(t+ 1) = Nn

x+1.5(t+ 1)− Inx+1.5(t+ 1) =
4∑

m=0

Nm,n
x+0.5,x+1.5(t, t+ 1) (6)

for n = 0, 1, . . . , 4 and

D̊x+1.5(t+ 1) = Dx+1.5(t+ 1)− I5x+1.5(t+ 1) =
4∑

m=0

Nm,5
x+0.5,x+1.5(t, t+ 1). (7)

Equations (6) and (7) can be represented by Table 2 (where, for conve-

nience, we denote Nm,n
x+0.5,x+1.5(t, t+ 1) by Nm,n

x+0.5,x+1.5):
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Middle Year (t + 1)

Age (x + 1.5)

0 1 2 3 4 5 Total
Middle 0 N0,0

x+0.5,x+1.5 N0,1
x+0.5,x+1.5 . . . . . . . . . N0,5

x+0.5,x+1.5 R0

Year (t) 1 N1,0
x+0.5,x+1.5 N1,1

x+0.5,x+1.5 . . . . . . . . . N1,5
x+0.5,x+1.5 R1

2 N2,0
x+0.5,x+1.5 N2,1

x+0.5,x+1.5 . . . . . . . . . N2,5
x+0.5,x+1.5 R2

Age 3 N3,0
x+0.5,x+1.5 N3,1

x+0.5,x+1.5 . . . . . . . . . N3,5
x+0.5,x+1.5 R3

(x + 0.5) 4 N4,0
x+0.5,x+1.5 N4,1

x+0.5,x+1.5 . . . . . . . . . N4,5
x+0.5,x+1.5 R4

Total C0 C1 C2 C3 C4 C5 T

Table 2: Annual population transition from the middle of year t to the middle of
year t + 1.

where Rm = Nm
x+0.5(t), Cn = N̊n

x+1.5(t+ 1), C5 = D̊x+1.5(t+ 1) and

T =
4∑

m=0

Rm =
5∑

n=0

Cn.

Table 3 is similar to Table 2 with the elements of Table 2 being replaced

with the initial estimates of one year longitudinal data ( (N̂m,n
x+0.5,x+1.5(t, t+1)))

calculated in Section 4.

Middle Year (t + 1)

Age (x + 1.5)

0 1 2 3 4 5 Total
Middle 0 N̂0,0

x+0.5,x+1.5 N̂0,1
x+0.5,x+1.5 . . . . . . . . . N̂0,5

x+0.5,x+1.5 R0

Year (t) 1 N̂1,0
x+0.5,x+1.5 N̂1,1

x+0.5,x+1.5 . . . . . . . . . N̂1,5
x+0.5,x+1.5 R1

2 N̂2,0
x+0.5,x+1.5 N̂2,1

x+0.5,x+1.5 . . . . . . . . . N̂2,5
x+0.5,x+1.5 R2

Age 3 N̂3,0
x+0.5,x+1.5 N̂3,1

x+0.5,x+1.5 . . . . . . . . . N̂3,5
x+0.5,x+1.5 R3

(x + 0.5) 4 N̂4,0
x+0.5,x+1.5 N̂4,1

x+0.5,x+1.5 . . . . . . . . . N̂4,5
x+0.5,x+1.5 R4

Total C∗
0 C∗

1 C∗
2 C∗

3 C∗
4 C∗

5 T

Table 3: Estimate of annual population transition from the middle of year t to
the middle of year t + 1.
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Since the transition probabilities sum to one, we have

Rm = Nm
x+0.5(t) =

5∑
n=0

N̂m,n
x+0.5,x+1.5(t, t+ 1) m = 0, 1, . . . , 4. (8)

However the following are unlikely to hold:

Cn = N̊n
x+1.5(t+ 1) =

4∑
m=0

N̂m,n
x+0.5,x+1.5(t, t+ 1) n = 0, 1, . . . , 4 (9)

C5 = D̊x+1.5(t+ 1) =
4∑

m=0

N̂m,5
x+0.5,x+1.5(t, t+ 1). (10)

Possible reasons why (9) and (10) do not hold are statistical variation

and inaccurate estimation of the transition probabilities. However, if the

exposures (Nn
x+0.5(t) for n = 0, 1, . . . , 4) are large, the error due to statistical

variation is likely to be small and hence, the remaining error is largely due

to inaccurate estimation of the transition probabilities. Therefore, if we

have accurate estimates of Nn
x+0.5(t), N̊

n
x+1.5(t + 1) (for n = 0, 1, . . . , 4) and

D̊x+1.5(t+ 1) for each single year of age, we are able to employ the iterative

proportional fitting (IPF) algorithm (see Section 4.2 of Paper I) to refine

our initial estimates of one-year longitudinal data (N̂m,n
x+0.5,x+1.5(t, t+ 1)) such

that (9) and (10) hold (by keeping (8) holding). In doing so, we assume that

the cross product ratios of
{
N̂m,n
x+0.5,x+1.5(t, t+ 1)

}
are similar to the cross

product ratios of
{
Nm,n
x+0.5,x+1.5(t, t+ 1)

}
(which is hopefully the case; in the

implementation of the multiple state model (see Section 4.3 of Paper I) as

part of the estimation of P̄m,n
x+0.5,x+1.5(t, t+ 1), we have tried to be as realistic

as the data allow). The refined estimates of one-year disability longitudinal

data (Ñm,n
x+0.5,x+1.5(t, t+ 1)) are maximum likelihood estimates (MLEs) under

a saturated log-linear model with the state at the middle of year t as variable

1 and the state at the middle of year t + 1 as variable 2. Specifically (for

i = 0, 1, . . . , 4; j = 0, 1, . . . , 5)

• the main effect of variable 1 (u1(i)) is estimated from the Ri,

• the main effect of variable 2 ( u2(j)) is estimated from the Cj, and
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• the interaction effect between variables 1 and 2 (u12(ij)) is estimated

from the cross product ratios of
{
N̂ i,j
x+0.5,x+1.5(t, t+ 1)

}
.

Therefore, in the application of the IPF algorithm (formulae (3) and (4)

of Paper I) we set:

• xi+ = Ri i = 0, 1, . . . , 4

• x+j = Cj j = 0, 1, . . . , 5

• f̂ (0)
ij = N̂ i,j

x+0.5,x+1.5(t, t+ 1) i = 0, 1, . . . , 4; j = 0, 1, . . . , 5.

Provided that the estimates of Nn
x+0.5(t), N̊

n
x+1.5(t + 1) and D̊x+1.5(t +

1) are accurate, and the cross product ratios of
{
N̂m,n
x+0.5,x+1.5(t, t+ 1)

}
are

similar to the cross product ratios of
{
Nm,n
x+0.5,x+1.5(t, t+ 1)

}
, at convergence

we have f̂mn ≈ Nm,n
x+0.5,x+1.5(t, t+ 1) (for m = 0, 1, . . . , 4;n = 0, 1, . . . , 5). The

convergence values under the above IPF algorithm are our refined estimates

of one-year longitudinal data (i.e. Ñm,n
x+0.5,x+1.5(t, t+ 1) = f̂mn).

In the following we describe the estimation steps of Ñm,n
x+0.5,x+1.5(t, t+ 1).

5.2 Estimation Steps

The first step is to calculate N̊n
x+1.5(t + 1) (for n = 0, 1, . . . , 4) from the

estimates of Nn
x+1.5(t+1) (see Section 5 of Part I of the paper) and Inx+1.5(t+1)

(Section 3) using equation (6). In this step, we calculate the first five column

totals of Table 2 (i.e. C0, C1, . . . , C4).

The second step is to estimate D̊x+1.5(t+ 1) according to the following:

D̊x+1.5(t+ 1) = Nx+0.5(t)−Nx+1.5(t+ 1) + Ix+1.5(t+ 1) (11)

where

Nx+0.5(t) =
4∑

n=0

Nn
x+0.5(t) ,

Ix+1.5(t+ 1) =
4∑

n=0

Inx+1.5(t+ 1).

11



In this step, we calculate the sixth column total of Table 2 (C5).

Finally, from
{
N̂m,n
x+0.5,x+1.5(t, t+ 1)

}
and the estimates of N̊n

x+1.5(t + 1)

(for n = 0, 1, . . . , 4) and D̊x+1.5(t+ 1), we apply the IPF algorithm described

in Section 5.1 to obtain
{
Ñm,n
x+0.5,x+1.5(t, t+ 1)

}
. We apply this procedure at

each age to obtain the
{
Ñm,n
x+0.5,x+1.5(t, t+ 1)

}
for x = 60, 61, . . . , 108.

We apply the above procedures to the disabled population estimated in

Part I of the paper. The procedures are implemented to the disabled popula-

tion estimated at each pair of subsequent years (1998 and 1999, etc). There-

fore, we obtain the refined estimates of one-year longitudinal data from 1998

(i.e. from the middle of 1998 to the middle of 1999) to 2002. Specifically,

we obtain Ñm,n
x+0.5,x+1.5(t, t + 1) for x = 60, 61, . . . , 108;m = 0, 1, . . . , 4;n =

0, 1, . . . , 5 and t = 1998, 1999, . . . , 2002.

6 Estimation of Crude Transition Probabili-

ties

The refined estimate of the one-year transition probability is calculated as:

P̂m,n
x+0.5,x+1.5 =

∑2002
t=1998 Ñ

m,n
x+0.5,x+1.5(t, t+ 1)∑2002

t=1998N
m
x+0.5(t)

(12)

for m = 0, 1, . . . , 4 and n = 0, 1, . . . , 5 where P̂m,n
x+0.5,x+1.5 is the refined esti-

mate of the probability that an individual aged x + 0.5 and in live state m

makes a transition to state n before reaching age x+1.5, and Ñm,n
x+0.5,x+1.5(t, t+

1) is the refined estimate of N̂m,n
x+0.5,x+1.5(t, t + 1). Note that P̂m,n

x+0.5,x+1.5 can

only be regarded as a crude estimate, and hence graduation should take place.

From the refined estimates of one-year disability longitudinal data esti-

mated in Section 5, we use formula (12) to calculate the refined estimates of

one-year disability transition probabilities.

Figure 1 illustrates these crude probabilities for the no CAL category. In

Figure 1, the transition data at ages above 85 are grouped into quinquennial

age bands (discussed later).

There is a lack of randomness in the estimated crude probabilities as
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Figure 1: One year crude transition probabilities from able (no CAL) state.
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indicated by the systematic oscillation in the movement of the estimates

from age to age. This is due to various estimation methods employed in

estimating the annual disabled population at a single age (Paper I) and in

deriving the initial estimate of one-year longitudinal data. While there is a

lack of randomness, we believe the levels of estimated crude probabilities are

indicative of the true levels of crude probabilities.

The patterns of the crude improvement probabilities, with the exception

of improvement from mild CAL, are peculiar. Figure 2 presents the crude

improvement probabilities from moderate CAL and from profound CAL for

males. This peculiarity is because while in reality, improvement by more

than one disability category is possible over the year, the initial transition

probabilities do not allow this. Note that the accuracy of the results of

the IPF procedure also depends on the accuracy of the initial probabilities

used in the estimation. The crude improvement probabilities from moderate

CAL show a more peculiar pattern than the crude improvement probabilities

from either severe CAL or profound CAL as improvement by more than one

category is more likely for the less disabled state.
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Figure 2: Crude improvement probabilities from moderate CAL and from pro-
found CAL, males.

For females, the following crude transition probabilities from mild CAL

also have peculiar patterns:

(a) Mild CAL to mild CAL: non-decreasing at ages above 86.
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(b) Mild CAL to moderate CAL: decreasing rapidly at ages above 86.

(c) Mild CAL to severe CAL: decreasing rapidly at ages above 86.

(d) Mild CAL to dead: lower than the crude death probabilities of no CAL

at ages above 89.

Figure 3 presents the crude transition probabilities from mild CAL to

mild CAL and from mild CAL to severe CAL for females. The peculiar pat-

terns of the above crude transition probabilities for females might be caused

by the inaccuracy of the initial deterioration probabilities from mild CAL

to moderate CAL and to severe CAL. The crude probabilities suggest that

these deterioration probabilities should decrease with age at the advanced

ages. However, the initial deterioration probabilities are non-decreasing with

age over this age range. If in fact, these deterioration probabilities do de-

crease with age (which might be due to the rapid increase of deterioration

to profound CAL and death probabilities), the inaccuracy of initial prob-

abilities will distort the results of the IPF procedure at the relevant ages.

Therefore, the decreasing pattern of (b) and (c) implied from the estimated

crude probabilities might be too strong. The possible distortion might not

be limited to the related probabilities (i.e. (a) and (d) might also be the

result of distortion).
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Figure 3: Selected crude transition probabilities from mild CAL, females.
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The crude probabilities also suggest a decreasing pattern of the deteriora-

tion probabilities from no CAL to moderate CAL for females at ages above

86. However, since the decreasing pattern happens to only one deteriora-

tion probability, the distortion is likely to be small. Other crude transition

probabilities from no CAL for females generally behave as expected.

It is counterintuitive for deterioration probabilities to decrease with age.

However, the disability longitudinal data from the U.S. shows that this could

be the case. In Table 6 of Rickayzen and Walsh (2002), the disability transi-

tion rates from the National Long-Term Care Surveys of 1982 and 1984 are

presented. In that table, the transition probabilities from failing one ADL

to failing two ADLs for males and from failing two ADLs to failing three or

more ADLs for females are decreasing with age (although the stay probabil-

ities (probabilities of staying at the same category) of these categories are

high).

For some transition probabilities, the crude probabilities at ages above 85

or 90 are spurious. This is because of the difficulty in estimating the disabled

population at these ages. In the graduation, we resolve this problem by

grouping the data at high ages into quinquennial age bands and calculating

crude probabilities at the weighted mean age.

We now give observations on the estimated crude probabilities.

• Additional mortality due to disability is also experienced in the mod-

erate CAL category.

• At very high ages, the observed mortality rates of the population are

close to the crude mortality rates of profound CAL, while at younger

ages, they are close to the crude mortality rates of no CAL. This is in

line with the reported disability prevalence rates at these ages.

• Generally, crude mortality rates are higher for males than females

across disability categories with the difference between genders being

much less pronounced at very high ages. The difference between gen-

ders also seems to increase with the severity of disablement.
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• For females, the crude mortality rates of mild CAL at ages above 89

are lower than the crude mortality rates of no CAL.

• The crude probabilities suggest lower mortality rates than the initial

probabilities for no CAL and mild CAL at ages above 89. For females,

the crude probabilities also suggest higher mortality rates for severe

CAL and profound CAL at ages above 98.

We make some observations about the crude deterioration probabilities:

• Generally, the crude deterioration probabilities are increasing with age

with the increase slowing down at the very advanced ages. There are

several exceptions to this. In particular, for females, the crude dete-

rioration probabilities from no CAL to moderate CAL, and from mild

CAL to moderate CAL and severe CAL are decreasing with age at ages

above 86.

• Generally, deterioration is more likely into the less disabled states.

However, crude deterioration probabilities into profound CAL are pe-

culiar. Specifically, for males, deterioration into profound CAL is more

likely than deterioration into severe CAL. For females, deterioration

into profound CAL is more likely than deterioration into any less dis-

abled states at ages above 80.

• Crude deterioration probabilities into a given disability state are higher

for more disabled states than the less disabled ones.

• Crude deterioration probabilities are generally higher for females with

the difference between genders seeming to increase with the severity of

the disablement. The exceptions are deterioration into mild CAL (at

ages 60 and above) and moderate CAL (at ages above 89).

• The crude deterioration probabilities suggest lower deterioration rates

than the initial probabilities for deterioration into moderate CAL, se-

vere CAL and profound CAL at ages above 89.

We now make some observations about the crude improvement probabilities:
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• The crude improvement probabilities from moderate CAL are very spu-

rious.

• Generally, crude improvement probabilities are decreasing with age (ex-

cluding improvement from moderate CAL; in the discussion below we

exclude improvement from moderate CAL).

• For males, the crude improvement probabilities are generally decreasing

with the severity of disablement.

• For females, at ages between 60 and 89, the improvement from mild

CAL is the highest, while the improvement from severe CAL and pro-

found CAL are roughly at similar levels. However, at ages above 89,

the improvement from profound CAL is slightly higher than the im-

provement from either mild CAL or severe CAL.

• The improvements from mild CAL and severe CAL are roughly similar

between genders at ages below 89 and higher for males at ages above

89. For profound CAL, the improvements are higher for males at ages

between 60 and 70, slightly higher for females at ages between 70 and

90, and similar between genders at ages above 90.

• For males, the crude probabilities suggest higher improvement rates

than the initial probabilities for mild CAL at ages above 89 and for

profound CAL at ages between 60 and 70. For females, the crude

probabilities suggest lower improvement rates from mild CAL at ages

above 70 and from profound CAL at ages above 90.

We make some observations about crude stay probabilities:

• Generally, the crude stay probabilities are decreasing with age.

• At ages below 83, the crude stay probabilities of no CAL are the high-

est amongst the disability categories. At ages above 83, excluding

profound CAL, the crude stay probabilities are decreasing with the

severity of disablement (the crude stay probabilities of profound CAL
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are relatively high at these ages at about a similar level as the crude

stay probabilities of no CAL).

• The crude stay probabilities of no CAL and mild CAL are roughly at

similar levels for males and females. The crude stay probabilities of

moderate CAL and severe CAL are higher for males at ages above 89

(due to the higher likelihood of deteriorating into profound CAL for

females). The crude stay probabilities of profound CAL are higher for

females (due to the higher death probabilities for males).

• For males, the crude probabilities suggest higher stay probabilities than

the initial probabilities for no CAL, mild CAL and moderate CAL at

ages above 89. For females, the crude probabilities suggest higher stay

probabilities for mild CAL and lower stay probabilities for moderate

CAL at ages above 89.

7 Graduation of Disability Transition Prob-

abilities

In this section, we graduate the crude disability transition probabilities cal-

culated in Section 6. We begin by discussing the graduation method, followed

by the graduation of the transition probabilities and finally the assessment

of the graduated probabilities.

7.1 Graduation Method

We consider graduation using Generalised Linear and Non-Linear models

(GLM/NLM) and the Whittaker-Henderson (W-H) method. Graduation

under GLM/NLM is discussed in Renshaw (1991) while the W-H method

is discussed in Joseph (1952). In the following we describe the adopted

GLM/NLM.

Denote (for m = 0, 1, . . . , 4;n = 0, 1, . . . , 5):

Nm
x+0.5 =

∑2002
t=1998N

m
x+0.5(t).
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Tm,nx+0.5,x+1.5 : random variable for the number of transitions from state m to

state n from the exposure Nm
x+0.5 where the transitions occur over the

age interval [x+ 0.5, x+ 1.5).

T̂m,nx+0.5,x+1.5 : sample value of Tm,nx+0.5,x+1.5 obtained from the investigation from

the middle of 1998 to the middle of 2003.

P̊m,n
x+0.5,x+1.5 : graduated value obtained after smoothing P̂m,n

x+0.5,x+1.5.

Since we assume that only one transition is possible over a single year

interval and that the population who are aged x last birthday are aged x+0.5

exact, then the following is approximately true:

T̂m,nx+0.5,x+1.5 =
2002∑
t=1998

Ñm,n
x+0.5,x+1.5(t, t+ 1) m = 0, 1, . . . , 4;n = 0, 1, . . . , 5.

(13)

The reason (13) is not exactly correct is because by definition Ñm,n
x+0.5,x+1.5(t, t+

1) is affected by the transitions which occur at exact age x + 1.5. However,

practically, this error is negligible.

We adopt the binomial distribution for the number of transitions:

Tm,nx+0.5,x+1.5 ∼ Bin
(
Nm
x+0.5, P̊

m,n
x+0.5,x+1.5

)
m = 0, 1, . . . , 4;n = 0, 1, . . . , 5

(14)

where

P̊m,n
x+0.5,x+1.5 = GM r,s

β (x+ 0.5) or LGM r,s
β (x+ 0.5)

GM r,s
β (x+ 0.5) =

r∑
i=1

βi(x+ 0.5)i−1 + exp


r+s∑
i=r+1

βi(x+ 0.5)i−r−1

 r, s ≥ 0

(15)

LGM r,s
β (x+0.5) =

GM r,s
β (x+ 0.5)

1 +GM r,s
β (x+ 0.5)

r, s ≥ 0 (16)

where GM denoters the Gompertz-Makeham formula and LGM denotes the

logit Gompertz-Makeham formula. These formulae are often used in the

graduation of mortality, disability and health data, for example Leung (2006)
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and Pritchard (2006). Note that r = 0 implies the exponentiated polynomial

term only, and s = 0 implies a polynomial term only.

The parameters {β1, . . . , βr+s} are estimated using maximum likelihood.

Note that if both r and s are at least 1, we will have a non-linear predictor

(GNLM). In this case, the parameters can be estimated by expanding the

non-linear terms in the predictor using a Taylor series expansion, Renshaw

(1991). However, for convenience, we instead fit the GNLM by using the

“gnm” function in R; see Turner (2011). Starting values of the iteration can

be obtained using the weighted least squares (WLS) method.

For each transition probability, to determine the suitable model, we ex-

periment with (15) and (16) with a variety of values of r and s.

As described in Section 6, some crude transition probabilities are spurious

at ages above 85. For ages at which this is the case, we group the data at these

ages into quinquennial age bands and calculate crude transition probabilities

at the weighted mean age. The graduated probabilities are calculated from

these recalculated crude probabilities.

Graduation under the W-H method is done using the Graduation Tools

Spreadsheet developed by the Department of Actuarial Studies at Macquarie

University. The weights in the fitting are chosen to be the inverse of the

variance of the crude probabilities. Under this method, in the case where the

data are grouped, the graduated probabilities at a single age are obtained by

fitting a polynomial to the graduated probabilities at the relevant ages. While

this approach is not standard, for some transitions it produces satisfactory

graduated values.

7.2 Graduation of Death Probabilities

For graduation of death probabilities, in addition to the methods described

in Section 7.1, we also consider GLMs by targeting the force of mortality

(µx+0.5) and the graduation by reference to a standard table (Benjamin and

Pollard (1993)).

In implementing the GLM by targeting µx+0.5, we limit our investigation
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to the following formula:

µx+0.5 = GM0,s
β (x+ 0.5) s ≥ 0.

Under graduation by reference to a standard table, the chosen standard

table is the Australian Life Tables 2000-02 published by the Australian Gov-

ernment Actuary (AGA) (AGA, 2004). We consider a variety of possible

relationships between the mortality rates of the standard table and the grad-

uated mortality rates. The parameters of the graduation formula are esti-

mated using the WLS method.

For females, the graduated mortality rates of mild CAL are lower than

the graduated mortality rates of no CAL at the advanced ages. Note that

this is because of the peculiarity of the crude rates. As discussed in Section

6, for females, there might be a distortion in the results of the IPF procedure

for transitions from mild CAL at the advanced ages. Comparing the crude

mortality rates of no CAL with mild CAL, we find that at younger ages, the

crude mortality rates of these categories are similar. Therefore, for females,

we decide to ignore the crude mortality rates of mild CAL at the advanced

ages and instead set the graduated mortality rates of mild CAL to be equal

to the graduated mortality rates of no CAL.

7.3 Graduation of Improvement, Stay and Deteriora-

tion Probabilities

Improvement, stay and deterioration probabilities are graduated under the

methods described in Section 7.1. Since for a given disability category, the

transition probabilities sum to one, we only need to graduate two of the three

transition probabilities as one can be set as residuals. Except for moderate

CAL and profound CAL categories, the stay probabilities are set as resid-

uals. For these categories, we instead set the improvement probabilities as

residuals. This is because, as discussed in Section 6, the crude improvement

probabilities from moderate CAL are spurious. For profound CAL, we find

that by setting the improvement probabilities as residuals, more satisfactory
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graduated values can be obtained.

For some deterioration probabilities (e.g. P 2,4
x+0.5,x+1.5 for males and

P 0,1
x+0.5,x+1.5, P

0,2
x+0.5,x+1.5, P

0,3
x+0.5,x+1.5, P

0,4
x+0.5,x+1.5, P

2,3
x+0.5,x+1.5 and P 2,4

x+0.5,x+1.5

for females), the methods described in Section 7.1 could not produce satisfac-

tory graduated values over the entire considered age range. We resolve this

problem using the following method. Firstly, we determine the most optimal

GM or LGM formula (the parameters are estimated under the ML method

as described previously). For ages at which the chosen GM (or LGM) for-

mula is unsuitable, we alternatively calculate the graduated values by fitting

a suitable polynomial at these ages. The parameters of the polynomial are

estimated using the ordinary least squares (OLS) method and chosen such

that the polynomial curve is continuous from the GM (or LGM) curve at

the transition age (the age at which the graduation curve changes from the

GM (or LGM) curve to the polynomial curve). Since the ages at which an

alternative method is required are typically very high, a simple alternative

method is adopted.

For females, in the graduation of P 1,1
x+0.5,x+1.5, P

1,2
x+0.5,x+1.5, P

1,3
x+0.5,x+1.5 and

P 1,4
x+0.5,x+1.5, we choose not to fully capture the pattern of the crude probabili-

ties at ages above 86. For example, for P 1,2
x+0.5,x+1.5 and P 1,3

x+0.5,x+1.5, we choose

not to fully capture the rapid decreasing pattern of the crude probabilities

at these ages. This is because for females, there is a possible distortion in

the results of the IPF procedure for transitions from mild CAL at these ages

as discussed in Section 6.

For some improvement probabilities (eg. P 1,0
x+0.5,x+1.5 and P 3,2

x+0.5,x+1.5 for

females), the chosen graduation formula results in negative graduated val-

ues at the extremely high ages. In this case, we simply replace the negative

graduated values with zero. We could instead choose an alternative gradua-

tion formula which results in non-negative graduated values over the entire

considered age range. This method is not preferable since the negative gradu-

ated values only occur at the extremely high ages (there will be more cost for

switching into an alternative formula as it results in less optimal graduated

values over the majority of ages).

Tables 4 and 5 present the graduated disability transition probabilities
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for males and females at a selection of ages.
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Able Mild Moderate Severe Profound Dead

Able

60.5 0.948343 0.029381 0.010707 0.003786 0.003803 0.003980

70.5 0.906919 0.042926 0.014416 0.007283 0.010651 0.017804

80.5 0.782121 0.096173 0.029534 0.012475 0.029181 0.050515

90.5 0.663336 0.131917 0.040656 0.018830 0.046792 0.098469

100.5 0.591401 0.133073 0.044934 0.019499 0.054128 0.156966

109.5 0.558420 0.096472 0.049132 0.019889 0.061405 0.214682

Mild

60.5 0.152622 0.819711 0.011942 0.005542 0.005413 0.004769

70.5 0.146157 0.785177 0.023978 0.010484 0.016625 0.017579

80.5 0.122344 0.723854 0.042175 0.018417 0.042630 0.050579

90.5 0.104058 0.631851 0.064989 0.026574 0.072673 0.099856

100.5 0.097526 0.537910 0.087729 0.029980 0.086577 0.160278

109.5 0.096340 0.447535 0.102630 0.033300 0.100310 0.219886

Moderate

60.5 0 0.145795 0.834799 0.007820 0.007199 0.004387

70.5 0 0.142686 0.795270 0.016336 0.027299 0.018409

80.5 0 0.139577 0.700767 0.029785 0.073026 0.056844

90.5 0 0.130426 0.564670 0.047398 0.137814 0.119692

100.5 0 0.103282 0.440457 0.065828 0.183481 0.206952

109.5 0 0.101194 0.314564 0.078753 0.199129 0.306360

Severe

60.5 0 0 0.122206 0.834867 0.013643 0.029283

70.5 0 0 0.097424 0.808913 0.034367 0.059295

80.5 0 0 0.096029 0.682438 0.106513 0.115020

90.5 0 0 0.094124 0.500126 0.209294 0.196457

100.5 0 0 0.067812 0.307913 0.320669 0.303606

109.5 0 0 0 0.162245 0.415730 0.422025

Profound

60.5 0 0 0 0.156728 0.750792 0.092480

70.5 0 0 0 0.100974 0.789706 0.109320

80.5 0 0 0 0.073730 0.775334 0.150936

90.5 0 0 0 0.062977 0.707564 0.229459

100.5 0 0 0 0.051616 0.586292 0.362092

109.5 0 0 0 0.031892 0.431330 0.536777

Table 4: Males, graduated one year disability transition probabilities.
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Able Mild Moderate Severe Profound Dead

Able

60.5 0.961580 0.016987 0.011397 0.004212 0.004925 0.000899

70.5 0.923919 0.027303 0.020956 0.008301 0.011551 0.007969

80.5 0.836148 0.045110 0.035694 0.017910 0.039224 0.025914

90.5 0.715906 0.041687 0.039567 0.024910 0.081995 0.095935

100.5 0.583455 0.091954 0.022791 0.021536 0.089659 0.190604

109.5 0.442463 0.185091 0.008187 0.015162 0.085609 0.263488

Mild

60.5 0.166531 0.794704 0.021017 0.008106 0.008743 0.000899

70.5 0.135115 0.791232 0.034012 0.012761 0.018910 0.007969

80.5 0.106518 0.731494 0.051730 0.026502 0.057842 0.025914

90.5 0.073441 0.623927 0.059974 0.035885 0.110839 0.095935

100.5 0.028581 0.570336 0.050080 0.025301 0.135097 0.190604

109.5 0 0.530601 0.033982 0.012994 0.158935 0.263488

Moderate

60.5 0 0.140127 0.826348 0.014718 0.017030 0.001777

70.5 0 0.138225 0.800453 0.022732 0.030621 0.007969

80.5 0 0.136322 0.670037 0.050284 0.115415 0.027942

90.5 0 0.134420 0.477741 0.064078 0.227826 0.095935

100.5 0 0.121990 0.317200 0.067951 0.302254 0.190604

109.5 0 0 0.232415 0.071437 0.369239 0.326909

Severe

60.5 0 0 0.114234 0.845835 0.021680 0.018250

70.5 0 0 0.103086 0.809773 0.048809 0.038332

80.5 0 0 0.088986 0.674397 0.175863 0.060754

90.5 0 0 0.063655 0.363380 0.439742 0.133223

100.5 0 0 0.018442 0.104238 0.572137 0.305183

109.5 0 0 0 0.012234 0.551671 0.436095

Profound

60.5 0 0 0 0.122294 0.836220 0.041486

70.5 0 0 0 0.098253 0.835224 0.066524

80.5 0 0 0 0.086128 0.823109 0.090763

90.5 0 0 0 0.078893 0.753021 0.168086

100.5 0 0 0 0.051196 0.601694 0.347110

109.5 0 0 0 0.021424 0.416433 0.562143

Table 5: Females, graduated one year disability transition probabilities.
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7.4 Assessment of Graduated Transition Probabilities

To assess the graduated transition probabilities, we consider smoothness and

goodness of fit tests. A smoothness test is required for graduation under the

W-H method and in the case where we blend a polynomial with a GM (or

LGM) formula in the graduation.

For smoothness, we adopt the criteria as described in Barnett (1985) and

Benjamin and Pollard (1993): the graduated probabilities should have third

order smoothness (i.e.
∣∣∣∆3P̊m,n

x+0.5,x+1.5

∣∣∣ 73 < P̊m,n
x+0.5,x+1.5) over the majority of

the age range. In all of our graduated probabilities, the proportion of ages

which satisfy Barnett’s (1985) third order smoothness is higher than 50%.

We find that passing the χ2 test is very difficult. Note that we do not

have the data of the exposure (at a single age) and the number of transi-

tions. These quantities are estimated and there are estimation uncertainties.

The unmodified implementation of the χ2 test (i.e. by assuming that the

estimated exposure at a single age is the real exposure and the estimated

number of transitions is the real number of transitions) ignores these uncer-

tainties and therefore penalises too much on the differences between crude

and graduated probabilities. However, incorporation of these uncertainties

into the χ2 test is not straightforward. Therefore, for goodness of fit criteria,

as in Leung (2006), we instead use the Theil Inequality Coefficient (TIC),

Theil (1958), which is expressed as:

TIC =

√√√√√ w∑
i=1

(
P̊xi,xi+1 − P̂xi,xi+1

)2
w√√√√√ w∑

i=1

(
P̊xi,xi+1

)2
w +

√√√√√ w∑
i=1

(
P̂xi,xi+1

)2
w

(17)

where x1, x2, . . . , xw are ages considered in the graduation. The TIC lies

between 0 and 1, with 0 being a perfect fit. The statistical properties of

the TIC are discussed in Theil (1958). As in Leung (2006), we accept the

graduated probabilities with a TIC of 10% or less. While our assessment of

the goodness of fit does not consider the estimated exposure, it is taken into
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account in our graduation method (except in the case where the graduated

probabilities are alternatively calculated under OLS method (where we blend

a polynomial with the GM or LGM formula), however this alternative method

is only required at the very high ages as discussed before).

In addition, due to the lack of randomness of the estimated crude prob-

abilities, passing the individual standardised deviations, runs and serial cor-

relations tests appear to be very difficult. However, most of the graduated

probabilities pass both the cumulative deviations and sign tests (at 5% sig-

nificance level).

There are some cases where our graduated probabilities do not fully meet

the goodness of fit criteria:

• P̊ 1,1
x+0.5,x+1.5, P̊

1,2
x+0.5,x+1.5, P̊

1,3
x+0.5,x+1.5, P̊

1,4
x+0.5,x+1.5 and P̊ 1,5

x+0.5,x+1.5 for fe-

males. Note that for these transitions (for females), we choose not to

fully capture the pattern of the crude probabilities at ages above 86 in

the graduation (for reason discussed before).

• P̊ 2,1
x+0.5,x+1.5. Note that for this transition, the pattern of the crude

probabilities is very spurious (discussed in Section 6) and hence, in the

graduation, this transition is set as residual. Therefore, the graduated

probabilities of this transition are determined from other graduated

transition probabilities from moderate CAL.

• P̊ 4,3
x+0.5,x+1.5 for males and P̊ 0,3

x+0.5,x+1.5, P̊
2,2
x+0.5,x+1.5 and P̊ 2,5

x+0.5,x+1.5 for fe-

males. Due to the systematic oscillation, for some transitions, it is hard

to pass both the cumulative deviations and sign tests. However, note

that the TIC of these transitions are low which indicate that, overall,

the graduated probabilities are sufficiently close to the crude probabil-

ities (the TIC of P̊ 0,3
x+0.5,x+1.5 for females is only marginally higher than

10%).

Figure 4 presents the crude and graduated transition probabilities from

mild CAL state for males. Note that the graduated probabilities capture

the pattern of the crude probabilities. Similar qualities of fit are observed

for other transition probabilities in cases other than discussed above. Lastly,
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generally, similar degrees of oscillation of the crude probabilities are observed

in other transition probabilities.
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Figure 4: Crude and graduated transition probabilities from mild CAL state,
males.
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8 Conclusion

In this paper, we propose a new estimation method for disability transition

probabilities. The method utilizes data in 1998 and 2003 SDAC. There are

uncertainties in the estimation which are mainly due to the limited amount

of data. However, reasonable estimates are obtained from which several

informative observations emerged. The method is flexible (easily adjusted

if desirable (for example, to suit better data)) and will produce increasingly

accurate results when better data become available.

There are several ways in which better data can be obtained. The ob-

vious one is to increase the frequency of SDAC surveys. However, this is

unlikely given the cost of conducting such a national large scale survey. A

simple improvement to the survey that might materially improve the accu-

racy of the estimation is to present the estimate of disabled population at

older age groups (say up to age 105 and over). Better data can also be

obtained by measuring CAL with a similar scale as in SDAC in regional dis-

ability longitudinal studies. If such data are available, we are able to obtain

more accurate initial transition probabilities (in the application of IPF pro-

cedure) and hence, more accurate refined estimates of disability transition

probabilities can be obtained (note that the availability of such data will

circumvent many of the modelling limitations associated with the estima-

tion of initial transition probabilities (for example, it will allow a fuller set

of recovery processes in the estimation)). Furthermore, as a non-Markovian

model can be constructed in the estimation of initial transition probabilities,

this might open the possibility of constructing a non-Markovian (or proxy

non-Markovian) model in the estimation of disability transition probabilities

from national cross sectional datasets.
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