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Abstract

Phase-type distributions are one of the most general classes of distribu-
tions permitting a Markovian interpretation. Sparre Andersen risk models
with phase-type claim inter-arrival times or phase-type claims can be ana-
lyzed using Markovian techniques and results can be expressed in compact
matrix forms. Computations involved are readily programmable in practice.

This paper studies some quantities associated with the first passage time
and the time of ruin in a Sparre Andersen risk model with phase-type inter-
claim times. Li (2008) obtains a matrix expression for the Laplace transform
of the first time that the surplus process reaches a given target from the
initial surplus. Using this result, we analyze (i) the Laplace transform of
the recovery time after ruin, (ii) the probability that the surplus attains a
certain level before ruin and (iii) the distribution of the maximum severity of
ruin. We also give a matrix expression for the expected discounted dividend
payments prior to ruin for the Sparre Andersen model in the presence of a
constant dividend barrier.
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1 Introduction

Much of the literature on ruin theory is concentrated on classical risk theory, in
which the insurer starts with an initial surplus, and collects premiums continu-
ously at a constant rate, while the aggregate claims process follows a compound
Poisson process. Andersen (1957) let claims occur according to a more general
renewal process and derived an integral equation for the corresponding ruin proba-
bility. Since then, random walks and queuing theory have provided a more general
framework, which has led to explicit results in the case where the inter-claim times
or the claim severities have distributions related to the Erlang or phase-type dis-
tributions.

The Sparre Andersen model with Erlang inter-claim times has been studied
by Li and Garrido (2004) and Gerber and Shiu (2005). Willmot (1999) and Li
and Garrido (2005) study the ruin probability and the Gerber-Shiu function in a
Sparre Andersen model with inter-claim times being Kn distributed. The Sparre
Andersen model with phase-type inter-claim times has been studied by Schmidli
(2005), Albrecher and Boxma (2005), and Ren (2007). Asmussen (2000), Avram
and Usabel (2004), Drekic et al. (2004) and Ng and Yang (2005) study the ruin
probability and the distribution of the severity of ruin in risk models with phase-
type claims. Willmot (2007) and Landriaut and Willmot (2008) study the Gerber-
Shiu function in a Sparre Andersen model with general inter-claim times.

As mentioned in Bladt (2005), phase-type distributions constitute a class of
distributions on positive real axis which seems to strike a balance between gener-
ality and tractability. Phase-type distributions have rational Laplace transforms
and include combinations and mixtures of exponential and Erlang distributions
as special cases. A phase-type distribution inherits the special structure from the
Markov property of the underlying continuous-time Markov chain. Moreover, as
stated in Ko and Ng (2007) that the class of phase-type distributions is one of the
classes of distributions which are dense in the class of all positive distributions
so that any distribution may be approximated arbitrarily closely by a suitable
phase-type distribution. Sparre Andersen model with phase-type inter-claims can
be analyzed using both renewal theory and Markovian techniques and this makes
many derivations possible. Many results in the classical risk model can be ex-
tended to the Sparre Andersen model with phase-type inter-claim times and these
results may be written in compact matrix forms.

We now consider a continuous-time Sparre Andersen model in which the
surplus process is

U(t) = u+ c t−
N(t)∑

i=1

Xi , t ≥ 0 , (1.1)
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where u ≥ 0 is the initial surplus, c ≥ 0 is the premium income rate, while the
random sum represents aggregate claims. The Xi’s are i.i.d. random variables
with common distribution function (d.f.) P (x) = P(X ≤ x) (P (0) = 0) and
density function p(x) = P ′(x). Xi represents the i-th claim amount. Laplace
transform (LT) of p is denoted as p̂(s) =

∫ ∞
0
e−sx p(x) dx. The renewal process

{N(t) ; t ≥ 0} denotes the number of claims up to time t and is independent of
{Xi}i≥1.

For k = 1, 2, . . . , let Vk denote the time when the k-th claim occurs. Let
W1 = V1 and Wi = Vi − Vi−1 for i = 2, 3, . . . . We assume that W1,W2, . . . are
independent and the inter-claim times W2,W3, . . . have a common distribution
function A(x) = P(W ≤ x) and density function a(x) = A′(x). Denote by â(s) =∫ ∞

0
e−sx a(x) dx the LT of a. Further assume that cE[W ] > E[X], providing a

positive safety loading factor.

In this paper, we assume that the distribution of the inter-claim times A is
phase-type with representation (~α,B), where B = (bi,j)

n
i,j=1 is an n × n matrix

with bi,i < 0, bi,j ≥ 0 for i 6= j, and
∑n

j=1 bi,j ≤ 0 for any i = 1, 2, . . . , n,
~α = (α1, α2, . . . , αn) with

∑n
i=1 αi = 1. Then

A(t) = 1 − ~αetB~e>, t ≥ 0,

a(t) = ~αetB~b>, t ≥ 0,

â(s) = ~α(sI −B)−1~b>,

E[W ] =

∫ ∞

0

t a(t)dt = −~αB−1~e>,

where ~e is a row vector of length n with each element being 1, I is the n × n
identity matrix, and ~b> = −B~e>.

It follows that W corresponds to the time to absorption in a terminating
continuous-time Markov chain {J(t)}t≥0 with n+1 states, one of which is absorb-
ing. The state space of {J(t)}t≥0 is {1, 2, 3, . . . , n, 0} = E ∪ {0} and the initial
distribution is (α1, α2, . . . , αn, 0). The generator of {J(t)}t≥0 is

(
B ~b>

0 0

)
.

A detailed introduction to phase-type distributions and their properties can be
found in Neuts (1981), Asmussen (1992), and references therein.

Note that W1 may not follow the same distribution as the inter-claim times.
In the case of an ordinary renewal risk process, W1 follows the distribution A, that
is to say, a claim has taken place at time 0 and u is the surplus after the claim is
paid. For i ∈ E, if J(0) = i, then W1 follows a distribution with density function

3



~eie
tB~b>, where ~ei is a 1×n row vector with the i-th element being 1 and all other

elements being 0. In the rest of the paper, we use P to denote the probability
measure when the surplus process is an ordinary renewal risk process and use Pi

to denote the probability measure given J(0) = i, i.e., the density function of W1

is ~eie
tB~b>. E and Ei represent expectation operators under P and Pi, respectively.

Let T denote the time of ruin,

T = inf{t ≥ 0 ; U(t) < 0}

(T = ∞ if ruin does not occur). Define

Ψ(u) = P(T <∞
∣∣U(0) = u) , u ≥ 0 ,

as the infinite-horizon ruin probability in the corresponding ordinary renewal risk
model. Further, define

Ψi(u) = Pi(T <∞
∣∣U(0) = u) , i ∈ E, u ≥ 0 ,

to be the ruin probability given that the initial state is i. Then

Ψ(u) = ~α~Ψ(u), (1.2)

where ~Ψ(u) = (Ψ1(u),Ψ1(u), . . . ,Ψn(u))>. In Section 3, each Ψi(u) will be further
decomposed into n components according to the state at the time of recovery after
ruin.

Li (2008) obtained a matrix exponential expression for the Laplace transform
of the first time when the surplus attains a given level. The matrix K has the
same eigenvalues as the matrix Q defined in Ren (2007) who shows that Q plays
an important role in the discounted joint distribution of the surplus before ruin
and the deficit at ruin. In this paper, we show how K can be used to extend some
existing results from the classical risk model to a Sparre Andersen model with
phase-type inter-claim times.

The rest of the paper is organized as follows. Section 2 reviews the result
obtained in Li (2008): the Laplace transform of the first time that the surplus hits
a certain level. Using this result, the Laplace transform of the time of recovery
is obtained in Section 3. The probability that the surplus attains a certain level
before ruin and the probability that ruin occurs without the surplus ever reaching
a certain level are obtained in Section 4. Section 5 gives an expression for the
distribution of the maximum severity of ruin. The expected discounted dividend
payments prior to ruin for the model modified by adding a constant dividend
barrier is studied in Section 6.
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2 When Does the Surplus Attain a Certain Level?

For b ≥ u, define
Tb = min{t ≥ 0 : U(t) = b} (2.3)

to be the first time when the surplus reaches level b and define for δ ≥ 0

R(u; b) = E
[
e−δTb

∣∣U(0) = u
]

to be the Laplace transform of Tb. Further define

Ri,j(u; b) = Ei

[
e−δTbI(J(Tb) = j)

∣∣U(0) = u
]
, i, j = 1, 2, . . . , n,

to be the Laplace transform of Tb and the state when the process hits b is j,
given that the initial state is i and the initial surplus is u. Then R(u; b) may be
computed by

R(u; b) = ~αR(u; b)~e>, (2.4)

where R(u; b) =
(
Ri,j(u; b)

)n

i,j=1
.

It follows from Li (2008) that

R(u; b) = e−K(b−u), u ≤ b, (2.5)

and
R(u; b) = ~αe−K(b−u)~e>, u ≤ b, (2.6)

where K is an n× n matrix which satisfies the following equation:

cK = (δ I − B) − ~b>~α

∫ ∞

0

p(x)e−Kxdx. (2.7)

To solve the matrix equation above, we let

Lδ(s) =

(
s− δ

c

)
I +

1

c
B +

1

c
p̂(s)~b>~α.

It follows from Ren (2007) that the solutions to the equation

det[Lδ(s)] = 0 (2.8)

and the solutions to Lundberg’s fundamental equation

â(δ − c s)p̂(s) = 1 (2.9)
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are identical. It can be proved by Rouché’s theorem that equation (2.9) has exactly
n solutions, denoted as ρ1, ρ2, . . . , ρn, in the right half of the complex plane, In
the following we assume that these n solutions are distinct.

Li (2008) shows that
K = H∆H−1, (2.10)

where ∆ = diag(ρ1, ρ2, . . . , ρn) and H = (~h1, ~h2, . . . , ~hn), with column vector ~hi

being an eigenvector of Lδ(ρi) corresponding to the eigenvalue 0, i.e., Lδ(ρi)~hi = ~0,
for i = 1, 2, . . . , n. Then

R(u; b) = ~αHe−∆(b−u)H−1~e>, u ≤ b, (2.11)

When δ = 0, Ri,j(u; b) simplifies to the probability that the surplus first hits
b at state j from the initial state i and the initial surplus u, i.e.,

Ri,j(u; b) = Pi

(
J(Tb) = j

∣∣U(0) = u
)
, i, j = 1, 2, . . . , n.

In this case, we denote R0(u; b) = (Ri,j(u; b))
n
i,j=1. It follows from (2.5) that

R0(u; b) = e−K0 (b−u), u ≤ b, (2.12)

where matrix K0 satisfies the following matrix equation:

cK0 = −B − ~b>~α

∫ ∞

0

e−K0 xp(x)dx. (2.13)

Example 1 (Erlang(n) inter-claim times)

When the distribution of inter-claim times is Erlang(n) with parameter λ, we

have ~α = (1, 0, 0, . . . , 0), ~b = (0, 0, . . . , 0, λ), and

B =




−λ λ 0 · · · 0
0 −λ λ · · · 0
...

...
...

...
...

0 0 0 · · · −λ


 .

It is easy to show that Lδ(s) has the following form:

Lδ(s) =
1

c




cs− (λ+ δ) λ 0 · · · 0 0
0 cs− (λ + δ) λ · · · 0 0
... 0

. . .
. . .

...
...

...
... · · · 0 cs− (λ + δ) λ

λp̂(s) 0 · · · · · · 0 cs− (λ+ δ)



,
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and H is a Vandermonde matrix having the following form

H =




1 1 · · · · · · 1
λ+δ−cρ1

λ
λ+δ−cρ2

λ
· · · · · · λ+δ−cρn

λ(
λ+δ−cρ1

λ

)2 (
λ+δ−cρ2

λ

)2 · · · · · ·
(

λ+δ−cρn

λ

)2

...
...

...
...

...(
λ+δ−cρ1

λ

)n−1 (
λ+δ−cρ2

λ

)n−1 · · · · · ·
(

λ+δ−cρn

λ

)n−1



.

Then

R(u; b) = ~αHe−∆(b−u)H−1~e> =

n∑

i=1

[
n∏

j=1,j 6=i

ρj − δ/c

ρj − ρi

]
e−ρi(b−u). (2.14)

3 The Time of Recovery

In this section, we extend the definition of the stopping time Tb as given by (2.3).
For a real number b, we now let Tb denote the time of the first upcrossing of the
surplus process through the level b. For b > u, the definition is same as in (2.3).
For b < u, the surplus has to drop below the level b before it can ever upcross
through b. The stopping time T0 is called the time of recovery; it is the first
time the surplus reaches zero after ruin. The definition of the time of recovery for
the classical risk model can be found in Gerber (1990), Eǵıdio dos Reis (1993),
Gerber and Shiu (1998) and the references therein. As presented in Gerber (1990),
sometimes, the event ruin has a very small probability and the surplus process we
are investigating is from one out of many existing lines of insurance business in
the company. The company has enough funds available to support some negative
surplus for some time, in the hope that the surplus will recovery in the future,
allowing the company to keep this line of business alive. The purpose of this
section is to study how long it takes for the surplus process to return to zero. See
Picard (1994) for more interpretation of the time of recovery.

Now define for δ ≥ 0

ψ(u) = E
[
e−δT0I(T <∞)

∣∣U(0) = u
]
, u ≥ 0,

to be the Laplace transform of T0 with argument δ. Further define

ψi,j(u) = Ei

[
e−δT0I(J(T0) = j, T <∞)|U(0) = u

]
, i, j ∈ E, u ≥ 0,

to be the Laplace transform of the time of recovery if the process upcrosses 0 at
state j after ruin given that the surplus starts from an initial state i and initial
surplus u. Then

ψ(u) = ~αψ(u)~e>, (3.1)
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where ψ(u) = (ψi,j(u))
n
i,j=1.

In particular, when δ = 0, ψ(u) simplifies to ruin probability Ψ(u) and ψi,j(u)
simplifies to the probability of ruin with the state of recovery being j given that
the surplus starts from initial state i and initial surplus u. We use Ψi,j(u) to
denote ψi,j(u) when δ = 0, i.e.,

Ψi,j(u) = Pi (J(T0) = j, T <∞|U(0) = u) , i, j ∈ E, u ≥ 0.

Then Ψi(u) can be decomposed as

Ψi(u) =

n∑

j=1

Ψi,j(u), i = 1, 2, . . . , n.

In matrix notation,

~Ψ(u) = Ψ(u)~e>, (3.2)

Ψ(u) = ~αΨ(u)~e>, (3.3)

where Ψ(u) = (Ψi,j(u))
n
i,j=1.

Theorem 1

ψ(u) = E
[
e−δT+KU(T )I(T <∞)|U(0) = u

]
. (3.4)

Proof: Define

ψ·,j = E
[
e−δT0I(T <∞, J(T0) = j)

∣∣U(0) = u
]
, u ≥ 0, j ∈ E.

Then ψ·,j = ~αψ(u)~e>
j . It follows from (2.5) that

E
[
e−δ(T0−T )I(J(T0) = j)|T <∞, U(T )

]
= ~αeKU(T )~e>

j . (3.5)

Then by using the law of iterated expectation and (3.5), we have

ψ·,j(u) = E
[
e−δT0I(T <∞, J(T0) = j)|U(0) = u

]

= E
[
e−δT e−δ(T0−T )I(T <∞, J(T0) = j)|U(0) = u

]

= E
[
e−δT ~αeKU(T )~e>

j I(T <∞)|U(0) = u
]

= ~αE
[
e−δT+KU(T )I(T <∞)|U(0) = u

]
~e>

j . (3.6)

Since ψ·,j = ~αψ(u)~e>
j holds true for any ~α and for any j ∈ E, then we conclude

that ψ(u) has an expression in (3.4). 2

Remarks:
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1. For the case n = 1, the risk model reduces to the classical compound Poisson
model, and accordingly, formula (3.6) becomes

ψ(u) = E[e−δT+ρU(T )I(T <∞)|U(0) = u], (3.7)

where ρ satisfies the following equation

c ρ − (λ+ δ) + λ

∫ ∞

0

p(x)e−ρxdx = 0.

Eq. (3.7) is in agreement with Eq. (6.4) in Gerber and Shiu (1998).

2. When δ = 0, ψ(u) simplifies to Ψ(u) and Eq. (3.4) simplifies to

Ψ(u) = E
[
eK0 U(T )I(T <∞)|U(0) = u

]
. (3.8)

Further, if n = 1, K0 simplifies to 0, then Ψ(u) simplifies to ruin probability
Ψ(u).

Now we can rewrite

ψ(u) = E
[
e−δT+∆U(T )I(T <∞)|U(0) = u

]

= Hdiag(θ1(u), θ2(u), . . . , θn(u))H
−1, (3.9)

where
θi(u) = E[e−δTωi (U(T−), |U(T )|) I(T <∞)|U(0) = u]

is a Gerber-Shiu function with penalty function ωi(x, y) = e−ρiy, for i = 1, 2, . . . , n.

The evaluation of the Gerber-Shiu function, first introduced in Gerber and
Shiu (1998), is now one of the main research problems in ruin theory. See Ren
(2007) for a detailed literature review.

Example 1 continued

We now revisit Example 1 in Section 2. It follows from (2.14) and (3.9) that

ψ(u) =

n∑

i=1

[
n∏

j=1,j 6=i

ρj − δ/c

ρj − ρi

]
θi(u), u ≥ 0. (3.10)

Further if claim amounts are exponentially distributed, i.e., p(x) = βe−βx, then

θi(u) =
β − γ

β + ρi
e−γ u,

where the adjustment coefficient −γ < 0 is the solution of â(δ − cs)p̂(s) = 1. See
Gerber and Shiu (2005) or Willmot (2007) for a derivation of this result.
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4 The Probability That the Surplus Attains a

Certain Level Before Ruin

For b > u ≥ 0, define

ξ(u; b) = P
(

sup
0≤t≤T

U(t) < b, T <∞
∣∣U(0) = u

)

to be the probability that ruin occurs without the surplus reaching b prior to ruin
in the ordinary renewal risk model. Alternatively, ξ(u; b) can be viewed as the
distribution of the maximum surplus before ruin. Further, define

ξi,j(u; b) = Pi

(
sup

0≤t≤T
U(t) < b, T <∞, J(T0) = j

∣∣U(0) = u

)
, i ∈ E,

to be the probability that ruin occurs from initial surplus u and the state at the
time of recovery is j without the surplus process reaching level b prior to ruin
given that the process starts from initial state i. Then

ξ(u; b) = ~αξ(u; b)~e>, 0 ≤ u ≤ b, (4.11)

where ξ(u; b) =
(
ξi,j(u; b)

)n

i,j=1
.

For 0 ≤ u ≤ b and i, j ∈ E, define χi,j(u; b) to be the probability that the
surplus process attains level b at state j from initial state i and initial surplus u
without first falling below zero. Clearly, χi,j(b; b) = I(i = j) for i, j ∈ E. Then

χ(u; b) = ~αχ(u; b)~e>, 0 ≤ u ≤ b, (4.12)

is the probability that the surplus process attains level b without first falling
below zero in the corresponding ordinary renewal risk model, where χ(u, b) =(
χi,j(u; b)

)n

i,j=1
with χ(b; b) = I.

By considering whether or not the surplus reaches b (> u) before ruin, we
have

Ψi,j(u) = ξi,j(u; b) +

n∑

k=1

χi,k(u; b)Ψk,j(b) , i, j ∈ E ,

or in matrix notation,

Ψ(u) = ξ(u; b) + χ(u; b)Ψ(b). (4.13)

We will show in what follows that χ(u; b) can be expressed in terms of the ruin
probability matrix Ψ(u) and therefore the distribution of the maximum surplus
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before ruin given in (4.13) can also be expressed in terms of the ruin probability
matrix.

For a < u < b, let Ta and Tb be two stopping times as defined in Section 3.
For i, j = 1, 2, . . . , n, we define the following two functions,

Ai,j(a, b|u) = Ei[e
−δTaI(Ta < Tb, J(Ta) = j)|U(0) = u]

and
Bi,j(a, b|u) = Ei[e

−δTbI(Ta > Tb, J(Tb) = j)|U(0) = u].

Ai,j(a, b|u) is the Laplace transform of the time for the surplus process to upcross
level a at state j before the process reaches level b from initial surplus u and
initial state i, while Bi,j(a, b|u) is the Laplace transform of the time to reach level
b at state j for the first time provided that the process has not dropped below
a from initial surplus u and initial state i. In particular, when a = 0, Ai,j(0, b|u)
is the Laplace transform of the time of recovery at state j before the process
ever reaches level b from initial surplus u and initial state i, and Bi,j(0, b|u) is
the Laplace transform of the time for the surplus process to reach level b at
state j before ruin has occured from initial surplus u and initial state i. Let
A(a, b|u) = (Ai,j(a, b|u))n

i,j=1 and B(a, b|u) = (Bi,j(a, b|u))n
i,j=1.

Use the same methodology in Section 6 of Gerber and Shiu (1998), we have
the following results:

A(a, b|u) = A(a+ c, b+ c|u+ c),

B(a, b|u) = B(a+ c, b+ c|u+ c), ∀c ∈ R,
A(a,∞|u) = lim

b→∞
A(a, b|u) = lim

b→∞
A(0, b − a|u− a) = ψ(u− a), (4.14)

B(−∞, b|u) = R(u; b). (4.15)

Furthermore, for a ≤ u < b < b′, we have

Ai,j(a, b
′|u) = Ai,j(a, b|u) +

n∑

k=1

Bi,k(a, b|u)Ak,j(a, b
′|b),

Bi,j(−∞, b|u) = Bi,j(a, b|u) +

n∑

k=1

Ai,k(a, b|u)Bk,j(−∞, b|a),

which can be rewritten in the matrix form

A(a, b′|u) = A(a, b|u) + B(a, b|u)A(a, b′|b), (4.16)

B(−∞, b|u) = B(a, b|u) + A(a, b|u)B(−∞, b|a). (4.17)
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Substituting (4.14) and (4.15) in (4.16) and (4.17) and setting a = 0 and b′ = ∞,
we have

ψ(u) = A(0, b|u) + B(0, b|u)ψ(b), (4.18)

R(u; b) = A(0, b|u)R(0; b) + B(0, b|u). (4.19)

By combining (4.18) and (4.19), one obtains

A(0, b|u) = [ψ(u)− R(u; b)ψ(b)] [I − R(0; b)ψ(b)]
−1

=
[
ψ(u) − e−K(b−u)ψ(b)

] [
I − e−Kbψ(b)

]−1
, (4.20)

B(0, b|u) = [R(u; b)−ψ(u)R(0; b)] [I −ψ(b)R(0; b)]−1

= [eKu −ψ(u)][eKb −ψ(b)]−1, 0 ≤ u ≤ b. (4.21)

It follows from (3.9) that B(0, b|u) can be rewritten as

B(0, b|u) = Hdiag

(
eρ1u − θ1(u)

eρ1b − θ1(b)
, . . . ,

eρnu − θn(u)

eρnb − θn(b)

)
H−1.

Remarks:

1. When n = 1, matrix K simplifies to ρ, ψ(u) simplifies to the Laplace trans-
form of the time of recovery in the classical risk model, and Eqs. (4.20) and
(4.21) simplify to

A(0, b|u) =
eρbψ(u)− eρuψ(b)

eρb − ψ(b)
, B(0, b|u) =

eρu − ψ(u)

eρb − ψ(b)
.

These two formulas are (6.24) and (6.25) in Gerber and Shiu (1998).

2. When δ = 0 we can see χi,j(u; b) = Bi,j(0, b|u) for i, j = 1, 2, . . . , n and we
have from (4.21) that

χ(u; b) = [eK0 u − Ψ(u)][eK0 b − Ψ(b)]−1, 0 ≤ u ≤ b. (4.22)

It follows from (4.13) that

ξ(u; b) = Ψ(u)− χ(u; b)Ψ(b)

= Ψ(u)− [eK0 u −Ψ(u)][eK0 b −Ψ(b)]−1Ψ(b). (4.23)

Finally, Eq. (4.11) gives

ξ(u; b) = ~α
{
Ψ(u)− [eK0 u −Ψ(u)][eK0 b − Ψ(b)]−1Ψ(b)

}
~e>. (4.24)

In particular, when n = 1, the model simplifies to the classical risk model, Ψ(u)
simplifies to Ψ(u) and K0 simplifies to 0, then Eq. (4.24) gives

ξ(u; b) =
Ψ(u) − Ψ(b)

1 − Ψ(b)
, 0 ≤ u ≤ b.

This formula can be found in Dickson and Gray (1984).
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5 The Distribution of the Maximum Severity of

Ruin

In this section, we allow the surplus process to continue if ruin occurs, and consider
the insurer’s maximum severity of ruin which describes the worst situation the
company would experience before reaching the time of recovery. Since we assume
that the positive loading condition holds, it is certain that the surplus process
will attain this level after ruin. For the classical risk model, Picard (1994) gives
an explicit expression in terms of the ruin probability for the distribution of the
maximum severity of ruin. Li and Dickson (2006) study the distribution of the
maximum severity of ruin for the Sparre Andersen risk model with Erlang claim
inter-arrival times. Li and Lu (2008) study the distribution of the maximum
severity of ruin in a Markov-modulated risk model.

In Section 3, T0 is defined to be the time of recovery after ruin, i.e.,

T0 = inf{t : t > T,U(t) ≥ 0},

and define
Mu = sup{|U(t)|, T ≤ t ≤ T0}

to be the maximum severity of ruin. Let

F (z;u) = P(Mu ≤ z
∣∣τ = 0, T <∞), z ≥ 0,

denote the distribution function of the maximum severity of ruin given that ruin
occurs.

If follows from the reasoning in Dickson (2005, p. 164) that

F (z;u) =

∫ z

0

g(y|u)
Ψ(u)

χ(z − y; z)dy =
~α

∫ z

0
g(y|u)χ(z − y; z)dy~e>

Ψ(u)
,

where Ψ(u) = ~αΨ(u)~e> and g(y|u) = ∂G(y|u)/∂y with

G(y|u) = P
(
T <∞, |U(T )| ≤ y

∣∣U(0) = u
)
, u, y ≥ 0,

being the probability that ruin occurs and the deficit at ruin is at most y given
that the initial surplus is u.

It follows from (4.22) that

F (z;u) =
~α

∫ z

0
g(y|u)

[
eK0 (z−y) − Ψ(z − y)

]
dy

[
eK0 z − Ψ(z)

]−1
~e>

Ψ(u)
. (5.25)
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To evaluate the integral above, we consider a surplus process starting from initial
surplus u+z. Conditioning on the amount by which the surplus drops below level
z for the first time, we can show that

Ψ(u+ z) = E
[
eK0 U(T )I(T <∞)|U(0) = u+ z

]

has the following expression:

Ψ(u+ z) =

∫ z

0

g(y|u)Ψ(z − y)dy +

∫ ∞

z

g(y|u)eK0(z−y)dy . (5.26)

Then
∫ z

0

g(y|u)
[
eK0 (z−y) − Ψ(z − y)

]
dy =

∫ ∞

0

g(y|u)eK0(z−y)dy − Ψ(u+ z)

= eK0 z

∫ ∞

0

g(y|u)e−K0 ydy − Ψ(u+ z).

Setting z = 0 in (5.26) gives

Ψ(u) =

∫ ∞

0

g(y|u)e−K0 ydy.

Finally, we have

F (z;u) =
~α

[
eK0 zΨ(u)− Ψ(u+ z)

] [
eK0 z −Ψ(z)

]−1
~e>

~αΨ(u)~e> . (5.27)

Remarks:

1. When n = 1,K0 simplifies to zero and Ψ(u) simplifies to the ruin probability
Ψ(u) for the classical risk model. Then (5.27) simplifies to

F (z;u) =
Ψ(u) − Ψ(u+ z)

[1 −Ψ(z)]Ψ(u)
,

which was first given in Picard (1990).

2. When the distribution of inter-claim times is Erlang(n) with parameter λ,

F (z;u) =
1

Ψ(u)

n∑

i=1

[
n∏

j=1,j 6=i

ρj

ρj − ρi

]
eρizθi(u)− θi(u+ z)

eρiz − θi(z)
,

where ρ1 = 0, ρ2, . . . , ρn are solutions of the Lundberg’s equation (2.9) but
with δ = 0.
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6 The Expected Discounted Dividend Payments

Cheung (2007) studies the moments of the discounted dividend payments prior to
ruin in a Sparre Andersen model with phase-type claim inter-arrival times in the
presence of a constant dividend barrier. The purpose of this section is to obtain
an alternative expression for the expectation of the discounted dividend payments
prior to ruin using the two functions obtained in Section 4.

Now we consider the surplus process (1.1) modified by the payment of divi-
dends. When the surplus exceeds a constant barrier b (≥ u), dividends are paid
continuously so the surplus stays at the level b until a new claim occurs. Let Ub(t)
be the surplus process with initial surplus Ub(0) = u under the above barrier
strategy and define T̄ = inf{t ≥ 0 : Ub(t) < 0} to be the time of ruin. Let δ > 0
be the force of interest for valuation and define

Du,b =

∫ T̄

0

e−δ tdD(t), 0 ≤ u ≤ b,

to be the present value of all dividends until the time of ruin T̄ given that the
initial surplus is u, where D(t) is the aggregate dividends paid by time t. Define

V (u; b) = E
[
Du, b

∣∣Ub(0) = u
]
, 0 ≤ u ≤ b,

to be the expected present value of the dividend payments before ruin and define

Vi(u; b) = Ei

[
Du, b

∣∣Ub(0) = u
]
, 0 ≤ u ≤ b, i ∈ E,

to be the expected present value of the dividend payment before ruin given the
initial state is i and the initial surplus is u. Then

V (u; b) = ~α~V(u; b), 0 ≤ u ≤ b,

where ~V(u; b) = (V1(u; b), V2(u; b), . . . , Vn(u; b))>.

Since no dividend are payable unless the surplus reaches the level b before
ruin occurs, we have, for 0 ≤ u ≤ b,

Vi(u; b) =
n∑

j=1

Bi,j(0, b|u)Vj(b; b), i ∈ E.

In matrix form,

~V(u; b) = B(0, b|u)~V(b; b), 0 ≤ u ≤ b.

15



It follows from Cheung (2007) that ∂ ~V(u;b)
∂u

∣∣
u=b

= ~e>, then

~V(b; b) =

[
∂B(0, b|u)

∂u

]−1 ∣∣∣
u=b
~e> =

[
eKb −ψ(b)

] [
KeKb −ψ′(b)

]−1
~e>,

~V(u; b) =
[
eKu −ψ(u)

] [
KeKb −ψ′(b)

]−1
~e>, 0 ≤ u ≤ b,

and
V (u; b) = ~α

[
eKu −ψ(u)

] [
KeKb −ψ′(b)

]−1
~e>. (6.28)

In particular, when n = 1, (6.28) simplifies to

V (u; b) =
eρ u − ψ(u)

ρeρ b − ψ′(b)
, 0 ≤ u ≤ b,

which is formula (7.5) in Gerber and Shiu (1998).
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[19] LI, SHUANMING, AND JOSÉ GARRIDO. 2004. On Ruin for Erlang(n)
Risk Process. Insurance: Mathematics and Economics 34: 391-408.

[20] ———. 2005. On a General Class of Renewal Risk Process: Analysis of the
Gerber-Shiu Function. Advances in Applied Probability 37: 836-856.

[21] LI, SHUANMING, AND YI LU. 2008. The Decompositions of the Discounted
Penalty Functions and Dividend-Penalty Identity in a Markov-Modulated
Risk Model. ASTIN Bulletin 38: 53-71.

[22] NEUTS, MARCEL F. 1981. Matrix-Geometric Solutions in Stochastic Mod-
els. Baltimore: Johns Hopkins University Press.

[23] NG, ANDREW C.Y., AND HAILIANG YANG. 2005. Lundberg-Type
Bounds for the Joint Distribution of Surplus Immediately Before and at Ruin
Under the Sparre Andersen Model. North American Actuarial Journal 9(2):
85-100.

[24] PICARD, PIERRE. 1994. On Some Measures of the Severity of Ruin in the
Classical Poisson Model. Insurance: Mathematics and Economics 14: 107-
115.

[25] REN, JIANDONG. 2007. The Discounted Joint Distribution of the Surplus
Prior to Ruin and the Deficit at Ruin in a Sparre Andersen Model. North
American Actuarial Journal 11(3): 128-136.

[26] SCHMIDLI, HANSPETER. 2005. Discussion of “The Time Value of Ruin in
a Sparre Andersen Model.” North American Actuarial Journal 9(2): 74-77.

[27] WILLMOT, GORDON E. 1999. A Laplace Transform Representation in a
Class of Renewal Queueing and Risk Process. Journal of Applied Probability
36: 570-584.

[28] ——–. 2007. On the Discounted Penalty Function in the Renewal Risk Model
with General Interclaim Times. Insurance: Mathematics and Economics 41:
17-31.

18


