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Summary: A short proof is given for the nonsingularity of the Vander-
monde matrix (a classic) and of the matrix obtained by subtracting 1 from
all of its elements (novel). The results are needed to establish complete-
ness of certain zero coupon bond markets driven by more than one source of
randomness. In quest for examples, a mixture of Vasiµcek models is proposed.
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1 Introduction

A. The Vandermonde matrix.
Let An denote the generic n £ n matrix of the form

An =
³
e®i¯j

´j=1;:::;n

i=1;:::;n
; (1.1)

where ®1; : : : ; ®n and ¯1; : : : ; ¯n are reals. This is a classic in matrix theory,
known as the generalized Vandermonde matrix (usually its elements are
written in the form x¯ji with xi > 0). It is well known that it is non-singular
i¤ all ®i are di¤erent and all ¯j are di¤erent, see Gantmacher [3] p. 87.

B. Purpose of the present study.
The matrix An in (1.1) and its close relative

An ¡ 1n10n =
³
e®i¯j ¡ 1

´j=1;:::;n

i=1;:::;n
; (1.2)

arise naturally in zero coupon bond prices based on spot interest rates driven
by certain homogeneous Markov processes. It turns out that, in such bond
markets, the issue of completeness is closely related to the rank of the two
archetype matrices. Roughly speaking, non-singularity of matrices of types
(1.1) or (1.2) ensures that any simple T -claim can be duplicated by a port-
folio consisting of the risk-free bank account and a su¢ciently large number
of zero coupon bonds. The non-singularity results are proved in Section 2,
and applications to bond markets are presented in Section 3.
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2 Two properties of the Vandermonde matrix

A. The main result.
We take the opportunity here to provide a short proof of the quoted result
on nonsingularity of the Vandermonde matrix in (1.1), and will supply a
similar result about its relative de…ned in (1.2).

Theorem
(i) If the ®i are all di¤erent and the ¯j are all di¤erent, then An is non-
singular.
(ii) If, furthermore, the ®i and the ¯j are all di¤erent from 0, then An¡1n10n
is non-singular.

Proof: The proof goes by induction. Let Hn be the hypothesis stated in the
two items of the lemma. Trivially, H1 is true. Assuming that Hn¡1 is true,
we need to prove Hn.

Addressing …rst item (i) of the the hypothesis, it su¢ces to prove that
det(An) 6= 0. Recast this determinant as

det(An) =

0
@
nY

j=1

e®n¯j

1
A det

0
BBBBBB@

e(®1¡®n)¯1 ¢ ¢ ¢ e(®1¡®n)¯n
¢ ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢

e(®n¡1¡®n)¯1 ¢ ¢ ¢ e(®n¡1¡®n)¯n
1 ¢ ¢ ¢ 1

1
CCCCCCA

=

0
@
nY

j=1

e®n¯j
n¡1Y

i=1

e(®i¡®n)¯n

1
A det

µ
An¡1 1n¡1
10n¡1 1

¶
(2.1)

where
An¡1 =

³
e(®i¡®n)(¯j¡¯n)

´j=1;:::;n¡1

i=1;:::;n¡1
: (2.2)

The determinant appearing in (2.1) remains unchanged upon subtracting
the n-th row of the matrix from all other rows, which gives

det
µ

An¡1 1n¡1
10n¡1 1

¶
= det

µ
An¡1 ¡ 1n¡110n¡1 0n¡1

10n¡1 1

¶

= det
¡
An¡1 ¡ 1n¡110n¡1

¢
: (2.3)

Now, since the ®i are all di¤erent and also the ¯j are all di¤erent, the matrix
An¡1 in (2.2) is of the form required in item (ii) of the lemma and so, by
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the assumed hypothesis Hn¡1, det(An¡1 ¡ 1n¡110n¡1) 6= 0. It follows from
(2.1) and (2.3) that det(An) 6= 0, hence item (i) of Hn holds true.

Next, we turn to item (ii) of Hn. Preparing for an ad absurdum argu-
ment, assume that An is as speci…ed in item (ii) of the lemma and that
An ¡ 1n10n is singular. Then there exists a vector c = (c1; : : : ; cn)0 6= 0n
such that

Anc = 1n10nc : (2.4)

Introducing the function

f(®) =
nX

j=1

cje®¯j ;

and putting ®0 = 0, we can spell out (2.4) as

f(®0) = f(®1) = ¢ ¢ ¢ = f(®n) ; (2.5)

that is, f assumes the same value at n + 1 distinct values of ®. Since f is
continuously di¤erentiable, Rolle’s theorem implies that the derivative f 0 of
f is 0 at n distinct values ®¤1; : : : ; ®¤n (say) of ®. Now,

f 0(®) =
nX

j=1

cj¯je®¯j ;

and since some cj are di¤erent from 0 and all ¯j are di¤erent from 0, it follows
that the matrix A¤

n =
¡
e®¤i ¯j

¢j=1;:::;n
i=1;:::;n should be singular. This contradicts

the previously established item (i) under Hn, showing that the assumed
singularity of An ¡ 1n10n is absurd. We conclude that also item (ii) of Hn
holds true. ¤

B. Remarks.
In fact, if ®1 < ¢ ¢ ¢ < ®n and ¯1 < ¢ ¢ ¢ < ¯n, then det(An) > 0 (see [3]). If we
take this fact for granted, (2.1) and (2.3) show that also det(An¡1n10n) > 0,
implying that the latter is non-singular under the hypothesis of item (ii) in
the theorem. The sign of a general Vandermonde determinant is, of course,
the product of the signs of the row and column permutations needed to order
the ®i and the ¯j by their size.

3 Applications to …nance

A. Zero coupon bond prices.
A zero coupon bond with maturity T , or just T -bond in short, is the simple
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contingent claim of 1 at time T . Taking an arbitrage-free …nancial market
for granted, the price process fp(t; T )gt2[0;T ] of the T -bond is

p(t; T ) = ~E
h
e¡

R T
t ru du

¯̄
¯Ft

i
; (3.1)

where ~E denotes expectation under some martingale measure, and Ft is the
information available at time t.

We will provide some examples where the results in Section 2 are instru-
mental for establishing linear independence of price processes of bonds with
di¤erent maturities. The issue is non-trivial only in cases where the bond
prices are governed by more than one source of randomness, of course, so
we have to look into cases where the spot rate of interest is driven by more
than one martingale.

B. Markov chain interest rate.
In a previous paper [4] the author proposed to model the spot rate of interest
frtgt¸0 as a continuous time, homogeneous, recurrent Markov chain with
…nite state space fr1; : : : ; rng. The model has been further investigated in
[2] and [6]. From the latter we quote the following results.

We are working under some martingale measure given by an in…nitesimal
matrix ~¤ = (~̧jk) of the Markov chain, that is, the transition intensities are
~̧jk, j 6= k, and ~̧jj = ¡P

k;k 6=j ~̧
jk. The price at time t · T of a zero

coupon bond with maturity T is

p(t; T ) =
nX

j=1

Ijt p
j(t; T ) ;

where Ijt = 1[rt = rj ] and

pj(t; T ) = ~E
h
e¡

R T
t ru du

¯̄
¯ rt = rj

i
:

The vector of state-wise prices,

p(t; T ) = (pj(t; T ))j=1;:::;n ;

is given by

p(t; T ) = expf( ~¤ ¡ R)(T ¡ t)g1 = ©Diag(e½j(T¡t))ª1 ; (3.2)

where R = Diag(rj) is the n £ n diagonal matrix with the entries rj down
the principal diagonal, 1 is the n-vector with all entries equal to 1, ~½j ,
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j = 1; : : : ; n, are the eigenvalues of ~¤ ¡ R, and © and ª are the n £ n
matrices formed by the right and left eigenvectors, respectively.

It is proved in [6] that the price processes of m zero coupon bonds with
maturities T1 < ¢ ¢ ¢ < Tm are linearly independent only if the matrix

(e~½
jTi)j=1;:::;n
i=1;:::;m

has rank m. From item (i) in the theorem in Paragraph 2A we conclude
that this is the case if there are at least m distinct eigenvalues ~½j. It also
follows that the market consisting of the bank account with price process
exp

³R t
0 rs ds

´
and the m zero coupon bonds is complete for the class of all

FrT1-claims only if both the number of distinct eigenvalues and the number
of bonds are no less than the maximum number of states that can be directly
accessed from any single state of the Markov chain.

C. Mixed Vaciµcek interest rate.
The Vasiµcek model takes the spot rate of interest to be an Ornstein-Uhlenbeck
process given by

drt = ® (½ ¡ rt)dt + ¾ d ~Wt : (3.3)

Here ½ is the stationary mean of the process, ® is a positive mean reversion
parameter, ¾ is a positive volatility parameter, and ~W is a standard Brow-
nian motion under a martingale measure. The dynamics of the discounted
T -bond price,

~p(t; T ) = e¡
R t
0 ru dup(t; T ) ; (3.4)

is
d~p(t; T ) = ~p(t; T )

¾
®

³
e¡® (T¡t) ¡ 1

´
d ~Wt ; (3.5)

confer e.g. [1] or [5]. Obviously, any F ~W
T claim can be duplicated by a

self-…nancing portfolio in the T -bond and the bank account, and so the
completeness issue is trivial in this model.

To create an example where one bond is not su¢cient to complete the
market, let us concoct a mixed Vasiµcek model by putting

rt =
nX

j=1

rjt ;

where the rj are independent Ornstein-Uhlenbeck processes,

drjt = ®j (½j ¡ rjt ) dt + ¾j d ~W j
t ;
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j = 1; : : : ; n, and the ~W j are independent standard Brownian motions. We
assume that the ®j are all distinct (otherwise we could gather all processes
rj with coinciding mean reversion parameter into one Ornstein-Uhlenbeck
process). The mixed Vasiµcek process is not mean-reverting in the same
simple sense as the traditional Vasiµcek process. It is stationary, however,
and is apt to describe interest that is subject to several random phenomena,
each of mean-reverting type.

By the assumed independence, the price of the T -bond is just

p(t; T ) =
nY

j=1

pj(t; T ) ;

where pj(t; T ) = ~E
h
e¡

R T
t ru du

¯̄
¯ rjt

i
, and the discounted price is

~p(t; T ) =
nY

j=1

~pj(t; T ) ;

where ~pj(t; T ) is the “j-analogue” to (3.4). By virtue of (3.5), we conclude
that the discounted T -bond price has dynamics

d~p(t; T ) = ~p(t; T )
nX

j=1

¾j

®j
³
e¡®

j (T¡t) ¡ 1
´

d ~W j
t : (3.6)

Now, consider the market consisting of the bank account and m zero
coupon bonds with maturities T1 < ¢ ¢ ¢ < Tm. From (3.6) it is seen that
this market is complete for the class of F ~W1;:::; ~Wn

T1 -claims if and only if the
matrix ³

e¡®
j (Ti¡t) ¡ 1

´i=1;:::;m

j=1;:::;n
(3.7)

has rank n. By virtue of item (ii) in the theorem in Paragraph 2A, we
conclude that this is the case if m ¸ n.

D. Mixed Poisson-driven Ornstein-Uhlenbeck interest rate.
Referring to [5], let us replace the Brownian motions in Paragraph C above
with independent compensated Poisson processes, that is,

d ~W j
t = dN jt ¡ ¸j dt ;

where each N j is a Poisson process with intensity ¸j . Instead of (3.6) we
obtain

d~p(t; T ) = ~p(t¡; T )
nX

j=1

µ
exp

½
¾j

®j
³
e¡®

j (T¡t) ¡ 1
´¾

¡ 1
¶

d ~W j
t : (3.8)
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It is seen from (3.8) that the market consisting of the bank account and
m zero coupon bonds with maturities T1 < ¢ ¢ ¢ < Tm is complete for the
class of F ~N1;:::; ~Nn

T1 -claims if and only if the matrix

µ
exp

½
¾j

®j
³
e¡®

j (T¡t) ¡ 1
´¾

¡ 1
¶i=1;:::;m

j=1;:::;n

has rank n. By item (ii) in the theorem in Paragraph 2A, we know that
the matrix (3.7) has full rank. Thus, completeness of a market consisting
of the bank account and at least n bonds would be established – and we
would be done – if we could prove that the n £ m matrix (e°ji ¡ 1) has full
rank whenever (°ji) has full rank. With this conjecture our study of these
problems will have to halt for the time being.
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